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A detailed parametric study is presented for the dynamics of initially isotropic homogeneous
turbulence subjected to periodic shear with magnitude S and frequency . The study is based on a
quasianalytical solution to the anisotropy transport equation, which is shown to provide results for
the shear anisotropy in this flow that agree well with direct numerical simulation 共DNS兲, and for
some key aspects of the dynamics agree better than do the most widely used second-order moment
closures. The present analytical approach allows a more detailed parametric study than is practical
via DNS, and provides direct insights into the parametric origins of the resulting dynamics. The
long-time limit form of the shear anisotropy provides an analytical expression for the phase lag. The
general solution also provides simple scalings in the full equilibrium limit as well as in the
quasiequilibrium and saturated nonequilibrium regimes. The transition to the saturated
nonequilibrium regime is shown to occur over a narrow range of  around a critical frequency cr,
for which an analytical expression is also obtained. The fundamental change in the dynamics of the
turbulence kinetic energy k共t兲 and the turbulence relaxation time scale ⌳共t兲 as  increases beyond
cr is additionally addressed. © 2009 American Institute of Physics. 关DOI: 10.1063/1.3140003兴
I. INTRODUCTION

The frequency response of initially isotropic homogeneous turbulence subjected to a periodic strain field S̄ij共t兲 is
fundamentally important, in part to understand effects of unsteady forcing on turbulent flows, but even more so for understanding anisotropy in steady inhomogeneous turbulent
flows. In the latter, Lagrangian time variations,
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of the mean strain arise due to spatial gradients in the mean
flow. The turbulence is then subjected to time variations in
the mean strain as it moves along the mean flow streamlines.
While there are additional effects of spatial inhomogeneities
on the resulting turbulence anisotropy, which are not present
in the homogeneous periodically sheared case considered
here, this relatively simple flow nevertheless gives important
insights into nonequilibrium effects on turbulence anisotropy
due to changes in the mean strain.
In initially isotropic periodically sheared turbulence,1 the
mean strain rate tensor S̄ij共t兲, given by
S̄ij ⬅
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+
,
2  x j  xi

共2兲

is zero for t ⬍ 0 and for t ⱖ 0 varies in time according to
S̄12共t兲 = S̄21共t兲 = 共S/2兲sin共t兲,

共3兲

where S is the amplitude and  is the shearing frequency,
and where all other components of S̄ij are zero. For suffia兲
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ciently large , the time scale on which the shear varies can
become much faster than the turbulence response time scale,
leading to substantial nonequilibrium between the
turbulence and the applied shear. Such “nonequilibrium turbulence” gives rise to frequency-dependent anisotropy that
the most widely used turbulence models based on the classical Boussinesq hypothesis—which are typically intended
only for the equilibrium limit—cannot account for.
Investigations into the effects of unsteady forcing of turbulence have included direct numerical simulations 共DNS兲,
large eddy simulations, and second-order moment closures of
the Reynolds-averaged Navier–Stokes 共RANS兲 equations.
Rapid distortion theory 共RDT兲 has also been used to investigate nonequilibrium effects, such as in homogeneous turbulence subjected to rotating shear.2 However, for periodically
sheared homogeneous turbulence as in Eq. 共3兲, RDT cannot
be used1 due both to the reversibility properties of the RDT
equations and the invalidity of the linearized Navier–Stokes
equations when the applied mean strain S̄ij共t兲 is near zero. In
a related problem, the response of isotropic turbulence to
periodic forcing has been studied using mean-field3,4 and
spectral closure5 approaches. Here, however, we seek to understand the anisotropy and nonequilibrium effects that result
in turbulence from unsteadiness in the applied mean strain
S̄ij. In particular, our goal is to better understand how the
anisotropy dynamics in periodically sheared homogeneous
turbulence depend on the shearing frequency  and amplitude S.
A recent DNS study by Yu and Girimaji1 of initially
isotropic homogeneous turbulence subjected to periodic
shear has revealed some aspects of the frequency response
produced by unsteady shearing of turbulent flows. In particular, the DNS results show a frequency-dependent phase lag
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between the applied shear S̄12共t兲 and the resulting Reynolds
shear stress anisotropy a12共t兲, with aij defined as
aij ⬅

ui⬘u⬘j 2
− ␦ij ,
3
k

共4兲

where ui⬘u⬘j is the Reynolds stress tensor and k ⬅ 21 ui⬘ui⬘ is the
turbulence kinetic energy. The DNS results have also revealed a transition from asymptotic growth in k共t兲 at low
shearing frequencies to asymptotic decay above a critical frequency cr ⬇ 0.5S. Somewhat similar frequency-dependent
nonequilibrium features have also been observed in turbulence subjected to time-varying plane strain.6,7
While the computational burden of DNS necessarily limits the extent of any detailed parametric study of periodically
sheared turbulence dynamics, accurate second-order RANS
closures could, in principle, allow a more extensive parametric investigation. In general, however, accurate prediction of
nonequilibrium dynamics in the anisotropy and energetics of
turbulence poses a significant challenge for turbulence modeling. The widely used Launder, Reece, and Rodi 共LRR兲
model8 and Speziale, Sarkar, and Gatski 共SSG兲 model,9 for
example, were found1 to significantly underpredict the critical shearing frequency cr observed in the DNS study of Yu
and Girimaji. The most widely used closures based on the
Boussinesq hypothesis are completely incapable of accurately producing the nonequilibrium anisotropy dynamics in
periodically sheared homogeneous turbulence.1,10
Here we extend the earlier DNS study of Yu and
Girimaji1 to present a relatively complete parametric analysis
for the frequency response of periodically sheared homogeneous turbulence, using a new nonequilibrium closure developed in Ref. 10. A quasilinear form of the complete dynamical equation for the anisotropy aij共t兲 is used to obtain an
approximate quasianalytical solution for the anisotropy under the effect of periodic shear. The resulting solution shows
good agreement with DNS, and correctly gives the
frequency-dependent amplitude and phase lag between the
anisotropy and the applied shear over the entire range of
frequencies, from the full equilibrium limit through the saturated nonequilibrium regime. It also provides an analytical
result for the critical shearing frequency cr. This approach
furthermore gives analytical scalings for key dynamical
quantities such as the anisotropy, the production-todissipation ratio, and the turbulence time scale in the full
equilibrium limit as well as the quasiequilibrium and saturated nonequilibrium regimes. The simplicity of this approach, combined with its accuracy in reproducing results
from DNS, thus permits a detailed parametric frequency response analysis of periodically sheared homogeneous turbulence.
The paper is organized as follows. In Sec. II the approximate solution for the anisotropy in periodically sheared turbulence is derived from the anisotropy transport equation.
The time evolution of the anisotropy is compared with results from second-moment RANS models and DNS, and the
frequency dependence of the phase lag and anisotropy amplitude are then examined analytically using the present
model in the full equilibrium and saturated nonequilibrium

limits. In Sec. III the time evolution and frequency response
of the turbulence kinetic energy production-to-dissipation ratio are considered, while Sec. IV presents results for the turbulence kinetic energy and relaxation time. Conclusions are
presented in Sec. V.

II. APPROXIMATE SOLUTION FOR PERIODICALLY
SHEARED TURBULENCE

In this section, an approximate analytical solution for the
anisotropy aij共t兲 in periodically sheared homogeneous turbulence is developed from the anisotropy transport equation.
A. Anisotropy transport equation

From the definition of the anisotropy in Eq. 共4兲 and the
general form of the Reynolds stress transport equation,11 the
exact dynamical equation for aij共t兲 can be written as9,12
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Here D / Dt is the mean flow Lagrangian derivative, ⑀ is
the dissipation rate of the turbulence kinetic energy k,
Pij ⬅ −ui⬘ul⬘共ū j / xl兲 − u⬘j ul⬘共ūi / xl兲 is the corresponding production tensor, where P ⬅ Pll / 2 is the kinetic energy production rate, ⌸ij is the pressure-strain correlation tensor, Dij is
the combined viscous and turbulent transport tensor, where
D ⬅ Dll / 2, and isotropy has been assumed for the dissipation
rate tensor so that ⑀ij = 32 ⑀␦ij. In homogeneous turbulent flows
both Dij and D are exactly zero.
The pressure-strain correlation ⌸ij can be expanded9,12
in terms of aij as

共

⌸ij = − C1⑀aij + C2kS̄ij + C3k ailS̄lj + S̄ilalj − 32 anlS̄nl␦ij
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− C4k共ailW̄lj − W̄ilalj兲 + C5⑀ ailalj − 31 anlanl␦ij , 共6兲
where
W̄ij ⬅
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and the Ci are constants that may depend on invariants of aij.
Using the form for ⌸ij in Eq. 共6兲 and writing Pij in terms of
aij, S̄ij, and W̄ij, the resulting dynamical equation for the
anisotropy tensor aij in homogeneous turbulence is
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where the ␣i coefficients are
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For the most common second-order RANS closures, the constants Ci are taken as
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in the LRR model,8 and as
P
C1 = 1.7 + 0.9 ,
⑀
C3 = 0.625,

C4 = 0.2,

In contrast to such second-order RANS closures, where
the full set of six coupled differential equations in Eq. 共8兲
must be integrated, here we obtain an approximate quasianalytical solution for periodically sheared homogeneous turbulence by retaining only the leading terms in Eq. 共8兲. It has
been noted13 that the quadratic ␣5 term in Eq. 共8兲 is typically
small, and it is common to set C5 = 0 as in Eq. 共10兲. Moreover, it will be seen herein that the contribution from the ␣3
and ␣4 terms to the anisotropy dynamics in periodically
sheared turbulence is substantially less than that from the
leading ␣2 term. Taking the ␣3, ␣4, and ␣5 terms in Eq. 共8兲
together to be negligible thus gives an approximate quasilinear dynamical equation10 for the anisotropy aij共t兲 as
共12兲

where
⌳⬅

1 k
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is the turbulence relaxation time scale. Despite neglect of the
higher-order terms, Eq. 共12兲 still contains the primary nonequilibrium 共daij / dt兲, relaxation 共−aij / ⌳兲, and rapid strain
共␣2S̄ij兲 dynamics governing the evolution of the anisotropy
for periodically sheared turbulence. Figure 1 shows for
 / S = 0.5 that the evolution of a12 predicted by Eq. 共12兲 is in
good agreement with results from the full aij equation in Eq.
共8兲 using the constants in Eq. 共10兲, with only slight amplitude discrepancies at the maxima and minima of each cycle.
Physical justification for Eq. 共12兲 has been outlined in Ref.
10, and it will be seen herein that for periodically sheared
homogeneous turbulence the terms excluded in Eq. 共12兲 are
not essential to obtain good agreement of the turbulence dynamics with corresponding DNS results.
The quasilinear dynamical equation in Eq. 共12兲 has an
exact solution10 of the form
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where aij共−⬁兲 ⬅ 0 and the impulse response function is given
by

冋

h共t − 兲 ⬅ exp −
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in the SSG model,9 where IIa ⬅ anlaln is the second invariant
of the anisotropy tensor.

Eq. (12)

10

FIG. 1. Comparison of anisotropy a12共t兲 from full aij equation in Eq. 共8兲 and
truncated form in Eq. 共12兲 for shearing frequency  / S = 0.5; both curves are
for constants in Eq. 共10兲.

C2 = 0.8 – 0.65共IIa兲1/2 ,
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In Eqs. 共14兲 and 共15兲, the entire time history of both the
applied mean shear S̄ij共t兲 and the turbulence relaxation time
scale ⌳共t兲 are reflected in the resulting aij共t兲. Expanding the
inverse of the relaxation time scale ⌳共t⬘兲 around the current
time t and integrating, Eq. 共15兲 can be written as
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Here it is assumed that the derivative terms in Eq. 共16兲 are
negligible relative to the leading term, thus ignoring the explicit time history of ⌳ in the aij dynamics. However, the
history of ⌳ in Eq. 共13兲 is still accounted for indirectly
through the dynamical equations for k and ⑀ presented in the
next section, and it will be seen in the following that the
neglected terms in Eq. 共16兲 are not essential for accurately
capturing the anisotropy dynamics in periodically sheared
turbulence. With this approximation, the anisotropy in Eq.
共14兲 is then given as
aij共t兲 =

冕

t
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The fixed point 共daij / dt = 0兲 solution to Eqs. 共12兲 and
共13兲, as well as the solution to Eq. 共17兲 for constant S̄ij共t兲,
recovers the classical Boussinesq equilibrium anisotropy closure
k
aij = − 2C S̄ij ,
⑀

共18兲

where the coefficient C found in many linear eddy viscosity
models is defined as
C ⬅ −

␣2
.
2␣1

共19兲

The convolution integral in Eq. 共17兲 can thus be written as
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aij共t兲 = − 2C␣1
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The form in Eq. 共20兲 is the nonequilibrium anisotropy closure in Ref. 10, where it has been examined in a variety of
nonequilibrium test cases, and for later comparison with the
LRR and SSG models is herein denoted the HD model. Taking the standard value
C ⬇ 0.09

a12
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The anisotropy in Eq. 共23兲 can be seen to vary at the same
frequency  as the applied shear, while the amplitude, phase,
and initial transient from the e−t/⌳ term all depend on the
nondimensional parameter 共⌳兲 that compares the shearing
frequency  to the turbulence relaxation time scale ⌳.
The ⌳共t兲 in Eq. 共23兲 is obtained via Eq. 共13兲 by integrating the standard equations for k共t兲 and ⑀共t兲, which for homogeneous turbulence are simply
dk
= P − ⑀,
dt
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The kinetic energy production P appearing in both Eqs. 共24兲
and 共25兲 depends on the nonequilibrium anisotropy in Eq.
共23兲, and is given as
共26兲

P = − kaijS̄ij = − 2ka12S̄12 ,
9,12

where standard values of the constants are
C⑀1 = 1.44,

C⑀2 = 1.83.

共27兲

Alternative values of these constants are possible 关for instance C⑀2 = 1.90 in the LRR 共Ref. 8兲 model兴, though the
standard values in Eq. 共27兲 will be used for the tests of the
HD model presented herein.
Figure 2 compares the resulting anisotropy a12共t兲 from
Eq. 共23兲 with results from the LRR 共Ref. 8兲 and SSG 共Ref. 9兲
models, as well as with the corresponding DNS results from
Yu and Girimaji1 at shearing frequencies  / S = 0.5, 1.0, and
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Unlike the LRR and SSG models, the HD model in Eq.
共20兲 for the periodic shear in Eq. 共3兲 gives an analytical
solution for the resulting shear anisotropy a12共t兲 as

10
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gives good agreement for periodically sheared homogeneous
turbulence with the DNS results of Yu and Girimaji.1
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C. Solution for periodically sheared turbulence
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and using the equilibrium value P / ⑀ ⬇ 1.89 in Eq. 共9兲, the
constants in Eq. 共10兲 give ␣1 = 2.39 for the LRR model, and
in Eq. 共11兲 give ␣1 = 4.29 for the SSG model. It will be seen
herein that for the HD model in Eq. 共20兲 the value
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FIG. 2. 共Color online兲 Anisotropy a12共t兲 in periodically sheared turbulence
for relative shearing frequencies  / S = 0.5 共a兲, 1.0 共b兲, and 10 共c兲, comparing
the present solution in Eq. 共23兲 with results from the LRR 共Ref. 8兲 and SSG
共Ref. 9兲 models and with corresponding DNS results of Yu and Girimaji
共Ref. 1兲.

10. The initial nondimensional shear parameter Sk0 / ⑀0 = 3.3
was used for all simulations,1 where k0 and ⑀0 are the initial
turbulence kinetic energy and dissipation rate, respectively.
The analytical result in Eq. 共23兲 from the HD model in Eq.
共20兲 shows remarkably good agreement with the DNS results. For all shearing frequencies, the amplitude and phase
agreement with the DNS results is good, and for the
 / S = 10 case the amplitude of the anisotropy variations
shows the correct large reduction. The effect of the initial
transient can be clearly distinguished in the  / S = 0.5 and
 / S = 1.0 cases, where it takes approximately a full shearing
cycle before the anisotropy variation becomes centered on
zero with constant amplitude.
For  / S = 0.5 in Fig. 2共a兲, at large times the LRR and
SSG models show significantly poorer phase agreement with
the DNS results than does the present analytical result in Eq.
共23兲, despite giving slightly better prediction of the anisotropy amplitude at this frequency. For the two higher shearing frequencies in Figs. 2共b兲 and 2共c兲, the phase and amplitude from the LRR and SSG models are only slightly better
than those from Eq. 共23兲, and all are in generally good agreement with the DNS results. The result in Eq. 共23兲, which was
obtained via Eq. 共20兲 from the quasilinear anisotropy dynamics in Eq. 共12兲, thus retains the most relevant dynamics governing the evolution of the anisotropy in periodically sheared
turbulence, giving results for the shear anisotropy that are of
nearly comparable fidelity as the more computationally intensive LRR and SSG models. Moreover, the solution in Eq.
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FIG. 3. 共Color online兲 Phase difference between the shear stress anisotropy
and the applied mean shear, showing good agreement of the present result in
Eq. 共29兲 with the DNS results of Yu and Girimaji 共Ref. 1兲, and comparisons
with corresponding LRR 共Ref. 8兲 and SSG 共Ref. 9兲 model results.

共23兲 allows simple analytical scalings to be identified for
various key dynamical quantities in the full equilibrium limit
and the quasiequilibrium and saturated nonequilibrium
regimes.
D. Anisotropy phase response

In the long-time limit, after initial transients have sufficiently decayed and thus e−t/⌳ → 0, the anisotropy in Eq. 共23兲
can be written as
a12共t兲 = − C␣1
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Defining the phase difference  as the lag between the zerocrossing times for the anisotropy a12共t兲 and the applied shear
S̄12共t兲 in the long-time limit S · t → ⬁, this phase lag can be
obtained analytically from Eq. 共28兲 as

 =  − tan−1关⌳共t0兲兴,

共29兲

where t0 denotes the time at which a12 = 0.
Figure 3 shows that the analytical result for  in Eq. 共29兲
agrees well with the DNS results of Yu and Girimaji1 over a
wide range of shearing frequencies  / S. For small values of
 / S, corresponding to the quasiequilibrium regime, the
phase difference approaches  in the full equilibrium limit
 / S → 0, where a12共t兲 responds instantly to changes in S̄12共t兲.
As  / S increases, nonequilibrium effects become significant
and  smoothly approaches  / 2, as shown in Fig. 3. For
values of  above a critical frequency cr, the dynamics
reach a saturated nonequilibrium regime for which the phase
difference remains at the frequency-independent value  / 2.
From Fig. 3 it is apparent that cr / S ⬇ 0.5, although a more
precise value will be obtained analytically in Sec. III B.
Figure 3 also shows that in contrast to the present analytical result in Eq. 共29兲, the phase responses from the LRR
and SSG second-moment models agree more poorly with the
DNS results. In particular, both models significantly under-

predict the critical frequency cr, in agreement with Fig. 31
of Yu and Girimaji,1 leading to poorer phase agreement with
the DNS results for  ⬍ cr. This in turn is the origin of the
slight phase errors from the standard LRR and SSG models
for  / S = 0.5 in Fig. 2共a兲. While both the LRR and SSG
results might be improved by changing the model constants
in Eqs. 共10兲 and 共11兲, for periodically sheared homogeneous
turbulence Fig. 3 shows that the standard values of these
constants do not give results for the phase response at
 ⬍ cr that are as accurate as the result in Eq. 共29兲 from the
solution in Eq. 共23兲 to the HD model in Eq. 共20兲. Yu and
Girimaji1 noted that accurate prediction of the “slow” contribution to the pressure-strain correlation ⌸ij is critical for
correctly capturing the dynamics of periodically sheared turbulence, and thus improvements to the LRR and SSG models
might be achievable through a reexamination of the C1 and
C5 terms in Eq. 共6兲.
Before continuing, it should be noted that in Fig. 3 the
transition to  =  / 2 in the saturated nonequilibrium regime
in the LRR and SSG models, and in the HD model is remarkably abrupt. The same abrupt transition is also observed, although to a lesser extent, in the DNS results 共however, see
Sec. III B兲. This is indicative of a bifurcation in the turbulence dynamics at the critical frequency cr. The result in Eq.
共29兲 suggests that the observed  =  / 2 for all  ⬎ cr is a
result of 共⌳兲 → ⬁ above the critical frequency. This in turn
suggests that ⌳ → ⬁ in the long-time limit S · t → ⬁, while for
 ⬍ cr the associated ⌳ remains finite for all time. The longtime limit of ⌳ for  ⬎ cr will be explored in more detail in
Sec. IV, and it will be shown in Sec. III that cr has a value
that is determined by the model constants in Eqs. 共23兲–共25兲.
E. Anisotropy limit forms

From a physical standpoint, the parameter 共⌳兲 characterizes how rapidly the applied shear varies with respect to
the turbulence relaxation time scale ⌳, and is thus the appropriate nonequilibrium parameter for periodically sheared turbulence. However, ⌳ is itself part of the turbulence response
to the applied shearing, and for this reason  / S provides an
alternative nonequilibrium parameter that involves only variables associated with the applied periodic shear. It will be
seen later herein that the cycle average of 共⌳兲 increases
monotonically with  / S, and thus either can be used as a
nonequilibrium parameter. In this section we consider the
characteristics of the turbulence anisotropy in the full equilibrium limit  / S → 0 where 共⌳兲 → 0, in the quasiequilibrium regime for small  / S where 共⌳兲 Ⰶ 1, and in the saturated nonequilibrium regime where 共⌳兲 → ⬁ for all
 ⬎ cr.
For  / S → 0 and 共⌳兲 → 0, the turbulence responds
more rapidly than the variations in the applied shear, allowing the turbulence anisotropy to remain in full equilibrium
with the mean shear. Thus the resulting anisotropy in the
long-time limit from Eq. 共28兲 is
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Sk
lim a12共t兲 = − C sin共t兲,
⑀
共⌳兲→0

共30兲

0.5

which from Eq. 共3兲 is identical to the result from the classical
equilibrium Boussinesq closure in Eq. 共18兲, where the anisotropy is assumed to be directly proportional to the instantaneous mean strain rate. The full equilibrium result in Eq. 共30兲
for the anisotropy is consistent with the phase results in
Fig. 3, where the phase difference between the anisotropy
and the shear approaches  =  for small  / S, and hence
small 共⌳兲. However, it can be seen from Eq. 共29兲 in Fig. 3
that even for shearing frequencies as small as  / S = 0.01, the
turbulence is still not fully in equilibrium with the applied
shear. This result establishes the existence of a quasiequilibrium regime for small but nonzero values of  / S corresponding to 共⌳兲 Ⰶ 1, where the anisotropy is given as

0.4

lim a12共t兲 = − C

共⌳兲Ⰶ1

Sk
关sin共t兲 − 共⌳兲cos共t兲兴.
⑀

共31兲

The full equilibrium result in Eq. 共30兲 for 共⌳兲 → 0 is only
obtained as  / S → 0.
In the saturated nonequilibrium regime 共⌳兲 → ⬁, the
turbulence response is far slower than the rate at which the
mean shear varies. In this regime, the anisotropy from Eq.
共28兲 is thus
lim a12共t兲 = C␣1

共⌳兲→⬁

冉冊

S
cos共t兲.


共32兲

It is apparent in Eq. 共32兲 that the amplitude of the anisotropy
decreases with increasing shearing frequency as −1, and that
the phase difference relative to S̄12共t兲 in Eq. 共3兲 is constant at
 =  / 2, independent of ⌳ or . The abrupt switch to
 =  / 2 at  = cr in Fig. 3 suggests that Eq. 共32兲 describes
the anisotropy for all  ⬎ cr.
The root mean square 共rms兲 amplitude of the anisotropy
gives additional insights into the turbulence response in the
full equilibrium limit and the saturated nonequilibrium regime, and also into the abrupt transition in the dynamics at
cr. We define


t→⬁ 2

具f典 ⬅ lim

冕

t+/

t−/

f共t⬘兲dt⬘ ,

共33兲

as the long-time cycle average of any time-dependent quantity f共t兲, and note that the rms amplitude of the anisotropy,
2
典 − 具a12典2. From
here denoted a12
⬘ , is defined as 共a12
⬘ 兲2 ⬅ 具a12
Eq. 共28兲, it is apparent that in the long-time limit 具a12典 = 0 for
all shearing frequencies, giving

⬘ = C␣1S具⌳2 sin2共t兲典1/2 ,
lim a12

共34兲

共⌳兲→0

in the full equilibrium limit. It will be seen in Secs. III and
IV that the existence of a fixed point in the dynamics of 具⌳典
for  ⬍ cr yields the relation
lim 具⌳2 sin2共t兲典 =

共⌳兲→0

1
C␣21S2

冋

册

C ⑀2 − 1
,
C ⑀1 − 1

which allows Eq. 共34兲 to be written as

共35兲

ωcr
S

0.3

a12
0.2
0.1

HD Model, Eq. (28)
Full equilibrium, Eq. (36)
Saturated noneq., Eq. (37)

0 −2
10

10

−1

ω/S

10

0

1

10

FIG. 4. 共Color online兲 rms amplitude of the long-time limit anisotropy from
Eq. 共28兲, showing approach to equilibrium limit value in Eq. 共36兲 and good
agreement with the form for the saturated nonequilibrium regime in Eq. 共37兲
for  ⬎ cr.

⬘ =
lim a12

共⌳兲→0

冋

C共C⑀2 − 1兲
C ⑀1 − 1

册

1/2

= 0.41,

共36兲

where values of the constants in Eqs. 共21兲 and 共27兲 have been
used to obtain the numerical result. The corresponding
form of a12
⬘ in the saturated nonequilibrium regime where
共⌳兲 → ⬁ is given by

⬘ =
lim a12

共⌳兲→⬁

冉冊

C ␣ 1 S
冑2  .

共37兲

Figure 4 shows the resulting frequency dependence of a12
⬘
obtained from the long-time limit anisotropy in Eq. 共28兲, and
also shows the equilibrium and nonequilibrium limit forms
given by Eqs. 共36兲 and 共37兲, respectively. For small  / S, a12
⬘
approaches the full equilibrium result in Eq. 共36兲, but even
for  / S = 0.01 it is clear that the turbulence is not fully in
equilibrium with the applied shear, consistent with the phase
results in Fig. 3. For all  ⬎ cr, a12
⬘ decreases as 共 / S兲−1 in
accordance with the saturated nonequilibrium result in Eq.
共37兲. As with the phase results in Fig. 3, Fig. 4 shows that a12
⬘
transitions abruptly at cr to the nonequilibrium form in Eq.
共37兲, again reflecting the fact that 共⌳兲 → ⬁ in the saturated
nonequilibrium regime for all  ⬎ cr.
Figures 3 and 4 thus indicate that the full equilibrium
limit of periodically sheared turbulence is attained only at
very small shearing frequencies as  / S → 0. At slightly
larger frequencies, the turbulence is in a quasiequilibrium
regime where 共⌳兲 Ⰶ 1. As  / S continues to increase, but
remains below cr / S, the degree of nonequilibrium increases
smoothly, as indicated by the gradual approach of the phase
difference  to  / 2 in Fig. 3. At the critical frequency cr,
however, the turbulence abruptly transitions to the saturated
nonequilibrium regime, where the phase difference remains
constant at  / 2 and the anisotropy amplitude begins to decrease as −1. It can be inferred from the abrupt transition at
cr to the saturated nonequilibrium regime that 共⌳兲 → ⬁ in
the long-time limit for all  ⬎ cr. This result will be explored in more detail in Secs. III and IV.
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FIG. 5. 共Color online兲 Time-evolution of the production-to-dissipation ratio
P / ⑀ from Eq. 共39兲 for frequencies  / S = 0.5 共a兲 and 1.0 共b兲, showing good
agreement with DNS results of Yu and Girimaji 共Ref. 1兲.

III. PRODUCTION-TO-DISSIPATION RATIO

k
P
= − aijS̄ij ,
⑀
⑀

共38兲

and thus in periodically sheared turbulence from Eq. 共23兲,
this becomes

冉 冊冋

S
P
= C␣21
⑀


2

共⌳兲2
1 + 共⌳兲2

册

⫻兵sin2共t兲 − 共⌳兲sin共t兲关cos共t兲 − e−t/⌳兴其.

The resulting evolution of P / ⑀ from Eq. 共39兲 is shown
for shearing frequencies  / S = 0.5 in Fig. 5共a兲 and for
 / S = 1.0 in Fig. 5共b兲. The evolution of P / ⑀ in Eq. 共39兲 can
be seen in Fig. 5 to agree better with the DNS results in
many respects than do the results from the second-order
RANS models, although the asymmetry at the higher frequency is not captured. The characteristic frequency of P / ⑀
from Eq. 共39兲 is correctly seen to be twice that of the applied
shear. This latter result can be understood in the long-time
limit S · t → ⬁, where initial transients have fully decayed,
which from Eq. 共39兲 then gives

冉 冊冋

P C␣21 S
=
2
⑀


2

册

共⌳兲2
关1 − cos共2t兲 − 共⌳兲sin共2t兲兴,
1 + 共⌳兲2
共40兲

where the frequency doubling can be seen explicitly.
A. Production-to-dissipation limit forms

In the long-time full equilibrium limit where 共⌳兲 → 0,
with ⌳ from Eq. 共13兲, the production-to-dissipation ratio
from Eq. 共40兲 becomes

冉 冊

P
Sk
= C
⑀
共⌳兲→0 ⑀

0

ω/S

1

10

10

2

sin2共t兲.

共41兲

As with the anisotropy a12共t兲 in the full equilibrium limit in
Eq. 共30兲, this form, which is valid for  / S → 0, is identical to
the result that would be obtained from the equilibrium
Boussinesq closure. In the quasiequilibrium regime for small
but nonzero  / S, where 共⌳兲 Ⰶ 1, P / ⑀ is given by

冉 冊冋

P
Sk
= C
⑀
共⌳兲Ⰶ1 ⑀
lim

共39兲

−1

10

FIG. 6. 共Color online兲 Cycle average of P / ⑀ in long-time limit from Eq.
共40兲, showing also fixed point form in Eq. 共46兲 for  ⬍ cr, saturated nonequilibrium form in Eq. 共47兲 for  ⬎ cr, and abrupt transition at the critical
frequency cr given in Eqs. 共48兲 and 共49兲.

lim

From Eq. 共26兲, the production-to-dissipation ratio P / ⑀ is

Saturated noneq., Eq. (47)

2

sin2共t兲 −

册

共⌳兲
sin共2t兲 .
2

共42兲

In the saturated nonequilibrium regime where 共⌳兲 → ⬁ for
all  ⬎ cr, P / ⑀ from Eq. 共40兲 becomes

冉冊

P C␣21 S
=
2

共⌳兲→⬁ ⑀
lim

2

关1 − cos共2t兲 − 共⌳兲sin共2t兲兴,
共43兲

and since 共⌳兲 is large in this limit, the amplitude of the P / ⑀
fluctuations becomes correspondingly large.
While Eqs. 共41兲–共43兲 provide insights into the time dynamics of P / ⑀ in the full equilibrium limit and the quasiequilibrium and saturated nonequilibrium regimes, it is the
cycle average value of P / ⑀ that determines the asymptotic
behavior of the turbulence kinetic energy k and the relaxation
time scale ⌳. Applying the definition of the cycle average
from Eq. 共33兲 to Eq. 共40兲 gives the resulting frequency response of 具P / ⑀典 shown in Fig. 6, where frequencyindependent scaling is observed for  ⬍ cr, and power-law
scaling is observed in the saturated nonequilibrium regime
for  ⬎ cr.
The low- and high-frequency scaling of 具P / ⑀典 in Fig. 6
can be understood analytically from the long-time limit
forms of 具P / ⑀典 obtained from Eq. 共40兲. In the full
equilibrium limit 共⌳兲 → 0, the cycle average of Eq. 共40兲 is
given as
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共⌳兲→0

冓冔
P
⑀

= C␣21S2具⌳2 sin2共t兲典,

共44兲

where there is no explicit dependence on the shearing frequency . While 具⌳2 sin2共t兲典 appearing in Eq. 共44兲 does
not appear at first to permit an analytical solution, it will be
seen in Sec. IV that the evolution of 具⌳典 depends on 具P / ⑀典,
and that there is a stable fixed point in the dynamics of 具⌳典
when

冓冔
P
⑀

=

C ⑀2 − 1
.
C ⑀1 − 1

共45兲

Equating Eqs. 共44兲 and 共45兲 thus provides the analytical expression for 具⌳2 sin2共t兲典 in Eq. 共35兲, and for the standard
values of the constants in Eq. 共27兲, Eq. 共45兲 gives the classical value

冓冔
P
⑀

共46兲

= 1.89,

indicated by the horizontal dotted-dashed line in Fig. 6. The
agreement between the low-frequency limit of 具P / ⑀典 from
Eq. 共40兲 in Fig. 6 and the result in Eq. 共46兲 indicates that for
 ⬍ cr, the long-time dynamics of 具⌳典 correspond to the
fixed point and 具P / ⑀典 thus attains the frequency-independent
value in Eq. 共46兲. In the saturated nonequilibrium regime
 ⬎ cr where 共⌳兲 → ⬁ and 具⌳ sin共2t兲典 is negligible, the
cycle average of 具P / ⑀典 from Eq. 共40兲 becomes
lim

共⌳兲→⬁

冓冔
P
⑀

=

冉冊

C␣21 S
2


2

,

共47兲

and thus 具P / ⑀典 decreases with increasing frequency as
共 / S兲−2. The result in Eq. 共47兲 agrees in Fig. 6 with the
frequency response of 具P / ⑀典 from Eq. 共40兲 for essentially all
 ⬎ cr.
It is the decrease in 具P / ⑀典 with increasing frequency in
the saturated nonequilibrium regime that is responsible for
the distinctly different turbulence response for shearing frequencies above and below cr. As the shearing frequency
increases past cr, the cycle average of 具P / ⑀典 drops below
the value required to support turbulence kinetic energy
growth, resulting in kinetic energy decay for all  ⬎ cr. The
asymptotic frequency response of the turbulence kinetic energy k共t兲 and the relaxation time scale ⌳共t兲 is examined in
more detail in Sec. IV.

cr = 0.55S,

共49兲

which is in good agreement with the approximate empirical
value cr ⬇ 0.5S reported by Yu and Girimaji1 from their
DNS results.
The fact that the critical frequency in Eq. 共49兲 depends
only on model constants may provide guidance in determining more appropriate values of the constants in Eqs. 共10兲 and
共11兲 for second-order closure models in unsteadily forced
turbulent flows. Values for ␣1 in such models can vary
widely, as is evident from the fact that ␣1 = 2.39 in the LRR
model and ␣1 = 4.29 in the SSG model 共where again we have
used the equilibrium value P / ⑀ ⬇ 1.89 to obtain ␣1兲. In the
present approach however, ␣1 is dictated by cr in Eq. 共48兲.
For the values of C, C⑀1, and C⑀2 in Eqs. 共21兲 and 共27兲 we
must have ␣1 ⬇ 3.57 in order to have cr ⬇ 0.5S as observed
in the DNS data.
With respect to the DNS study by Yu and Girimaji,1
Fig. 3 shows that the critical frequency cr is more clearly
defined in the HD model10 than in the DNS results, thereby
allowing the precise determination of cr in Eq. 共49兲.
Whereas the HD model transitions abruptly to the saturated
nonequilibrium regime at cr, the DNS results indicate a
more gradual approach to this regime. The slight differences
between the HD model and DNS results near cr are most
likely due, in part, to the physical approximations used in the
formulation of the HD model. At the same time however,
owing to the substantial computational demands of the DNS
approach used in the Yu and Girimaji1 study, a precise determination of the critical frequency such as that provided in
Eq. 共49兲 was impractical. Only a limited number of frequencies could be simulated, as evident in Fig. 3, and—even
more importantly—for  ⬇ cr the simulations would need to
have run for impractically long times to accurately discern
between the extremely slow average rates of growth and decay in the otherwise oscillatory k共t兲 as cr is crossed. Similarly, it will be seen in Sec. IV that as cr is crossed, 具⌳典
grows only very slowly with increasing time t, thus requiring
simulation times much greater than S · t = 50 in order to obtain
具⌳典 → ⬁ and the corresponding asymptotic phase shift
 =  / 2 from Eq. 共29兲. It is thus likely that the small differences between the HD model and DNS results near cr are
due to a combination of effects from the physical simplifications used to derive the HD model, as well as the practical
limitations of the DNS.

B. Analytical result for the critical frequency

Due to the abrupt transition in Fig. 6 from the fixed point
dynamics for  ⬍ cr to the saturated nonequilibrium dynamics for  ⬎ cr, the corresponding limit forms of 具P / ⑀典 in
Eqs. 共45兲 and 共47兲 can be used to determine an analytical
result for the critical frequency cr. Equating Eqs. 共45兲 and
共47兲 at  = cr thus gives

cr = S

冋

C共C⑀1 − 1兲␣21
2共C⑀2 − 1兲

册

1/2

.

共48兲

For the standard values of the constants in Eqs. 共21兲 and
共27兲, and ␣1 in Eq. 共22兲, the resulting critical frequency is

IV. TURBULENCE KINETIC ENERGY
AND RELAXATION TIME

The turbulence kinetic energy k共t兲 is determined by Eqs.
共24兲–共26兲, with S̄12共t兲 from Eq. 共3兲 and a12共t兲 from Eq. 共23兲.
Results are shown for a range of shearing frequencies  / S in
Fig. 7. It can be seen that the kinetic energy varies with a
frequency twice that of the applied shear, consistent with the
frequency doubling seen in Eq. 共40兲. Its cycle average value
具k典 can be seen in Fig. 7 to grow for frequencies below the
cr / S = 0.55 critical value, and decay for higher frequencies,
in agreement with the findings of Yu and Girimaji.1 As noted
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FIG. 7. Kinetic energy evolution k共t兲 normalized by the initial value k0 for
various shearing frequencies  / S, showing the transition from kinetic energy growth 共 ⬍ cr兲 to decay 共 ⬎ cr兲 at the critical frequency cr / S
= 0.55 from Eq. 共48兲.

in Sec. III A, the decay in k共t兲 for  ⬎ cr in Fig. 7 is due to
the 共 / S兲−2 decrease in the cycle average of P / ⑀ in the saturated nonequilibrium regime.
From Eqs. 共24兲 and 共25兲, the dynamical equation for the
turbulence relaxation time scale ⌳共t兲 is
P 1
d⌳ 1
= 共1 − C⑀1兲 + 共C⑀2 − 1兲.
dt ␣1
⑀ ␣1

共50兲

Figure 8 shows the evolution of ⌳共t兲 for various shearing
frequencies, where the transition in the dynamics is apparent
as the frequency increases past cr. The cycle average value
具⌳典 grows without bound for  ⬎ cr, while for  ⬍ cr the
resulting ⌳共t兲 oscillates around a mean that remains constant
after the initial transient has decayed.
As with the production-to-dissipation ratio in Sec. III B,
the cycle average 具⌳典 reveals the transition in the dynamics
as  increases above the critical value cr. From the equation
for ⌳ in Eq. 共50兲, the corresponding equation for 具⌳典 is

ω/S
1
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Λ
Λ0
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ω < ωcr
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0
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冓冔

d具⌳典 1
P
= 共1 − C⑀1兲
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⑀

+

1
共C − 1兲.
␣ 1 ⑀2

30
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FIG. 8. Evolution of the turbulence relaxation time scale ⌳ normalized by
the initial value ⌳0 for various shearing frequencies  / S. The magnitude of
⌳ becomes unbounded in the long-time limit for shearing frequencies above
the critical value cr / S = 0.55.

1

10

共51兲

The frequency response of d具⌳典 / dt from Eq. 共51兲 is shown
in Fig. 9, where d具⌳典 / dt = 0 for  ⬍ cr, and there is a clear
power-law increase in d具⌳典 / dt in the saturated nonequilibrium regime for  ⬎ cr.
The evolution of 具⌳典 from Eq. 共51兲 can be understood
analytically for all  from the corresponding forms of 具P / ⑀典
in Eqs. 共45兲 and 共47兲. For  ⬍ cr there is clearly a stable
fixed point in the dynamics of 具⌳典, as indicated by the fluctuations of ⌳共t兲 about a steady mean value for  / S = 0.125
and  / S = 0.25 in Fig. 8, and by the fact that d具⌳典 / dt = 0 for
 ⬍ cr in Fig. 9. In Sec. III, the existence of this fixed point
was used to obtain the value of 具P / ⑀典 in Eq. 共45兲. With this,
the right-hand side of Eq. 共51兲 is thus zero, giving 具⌳典 as a
time-independent value that depends on  and S. Figure
10共a兲 shows 具⌳典 as a function of  / S, where 具⌳典 generally
decreases with increasing  / S for  Ⰶ cr.
In the saturated nonequilibrium regime  ⬎ cr, 具P / ⑀典
depends on  / S as in Eq. 共47兲, and thus the resulting dynamical equation for 具⌳典 is

冉冊

d具⌳典
C ␣ 1 S
= 共1 − C⑀1兲
2
dt

共⌳兲→⬁

S ·t

10

ω/S

FIG. 9. 共Color online兲 Frequency response of d具⌳典 / dt in long-time limit
from Eq. 共51兲, showing fixed point dynamics for  ⬍ cr and good agreement with saturated nonequilibrium form in Eq. 共52兲 for  ⬎ cr.

lim

0

10

10

2

+

1
共C − 1兲. 共52兲
␣ 1 ⑀2

This form of d具⌳典 / dt is seen to agree well with the result
from Eq. 共51兲 in Fig. 9 for  ⬎ cr, and since none of the
quantities on the right-hand side vary with time, in the saturated nonequilibrium regime the cycle average 具⌳典 increases
linearly with t. This results in 具⌳典 → ⬁ as S · t → ⬁ in the
saturated nonequilibrium regime for all  ⬎ cr, as shown in
Fig. 10共a兲.
Finally, Fig. 10共b兲 shows the relationship between 具⌳典
and  / S. The former is the proper nonequilibrium parameter
since it compares the shearing frequency with the turbulence
relaxation time, but is not known a priori from the specified
forcing parameters  and S for any given case. In contrast,
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FIG. 10. Variation in the cycle average of ⌳ 共a兲 and the nonequilibrium
parameter 共⌳兲 共b兲 in long-time limit with shearing frequency  / S, showing 具⌳典 → ⬁ and 具⌳典 → ⬁ for all  ⬎ cr. 共b兲 shows monotonic increase in
具⌳典 with increasing  / S.

 / S can be determined directly from these parameters, and
also provides an indirect indication of the degree of nonequilibrium. Figure 10共b兲 verifies that these two nonequilibrium
parameters depend monotonically on one another, and thus
either can be used to identify the extent of nonequilibrium in
periodically sheared homogeneous turbulence. Consistent
with the linear increase in 具⌳典 with time from Eq. 共52兲,
Fig. 10共b兲 shows that 具⌳典 → ⬁ in the saturated nonequilibrium regime for all  ⬎ cr.
V. CONCLUSIONS

The present study has provided detailed parametric results for the dynamics of initially-isotropic homogeneous turbulence subjected to periodic shear at any shearing magnitude S and frequency . This flow provides insights into the
effects of spatially or temporally varying shear on the anisotropy in inhomogeneous turbulent shear flows. While there
have been prior DNS studies 共e.g., Ref. 1兲 of this flow, the
associated computational burden necessarily limits the number of frequencies and shearing magnitudes that can be considered. Moreover, such simulations need to be run for impractically long times to obtain a precise identification of the
critical frequency cr at which the long-time dynamics
switch to the saturated nonequilibrium regime for all

 ⬎ cr. In principle, second-order closures of the RANS
equations could allow a detailed parametric study of this
flow, but as shown herein and in Ref. 1, the widely used
standard forms of the LRR and SSG models overpredict the
anisotropy phase lag and underpredict the critical frequency
cr.
The approach taken here is instead based on a quasianalytical solution to a recently proposed nonequilibrium anisotropy closure.10 This allows a general expression for nonequilibrium effects in the anisotropy dynamics via a convolution integral that accounts for the entire time history of the
applied mean strain rate S̄ij共t兲. The analytical form for aij共t兲
was shown here to provide results for the shear anisotropy in
this flow that agree well with DNS, and for some key aspects
of the dynamics agree better than do the most widely used
second-order moment closures. This analytical solution allows a more detailed parametric study than is practical via
DNS, and provides direct insights into the parametric origins
of the resulting dynamics. The long-time limit form of the
shear anisotropy a12共t兲 provides an analytical expression for
the resulting anisotropy phase lag. The general solution also
provides simple scalings in the full equilibrium limit and the
quasiequilibrium and saturated nonequilibrium regimes. In
particular, the cycle average anisotropy magnitude and
production-to-dissipation ratio are both essentially independent of  for  ⬍ cr, and in the saturated nonequilibrium
regime for  ⬎ cr follow simple power-law scalings in
共 / S兲. The transition to the saturated nonequilibrium regime
is shown to occur over a remarkably narrow range of 
around the critical frequency cr, for which an analytical
expression is also obtained. The fundamental change in the
dynamics of the turbulence kinetic energy k共t兲 and the turbulence relaxation time scale ⌳共t兲 as  increases past cr is
also addressed. In particular, there is a fixed point regime for
all  ⬍ cr in the dynamics of the cycle averaged ⌳.
Perhaps most importantly, the present frequency response analysis indicates that at the critical frequency cr in
Eq. 共48兲, periodically sheared homogeneous turbulence
abruptly enters a saturated nonequilibrium limit that persists
for all  ⬎ cr. In particular, Fig. 10 shows that the nonequilibrium parameter 共⌳兲 becomes unbounded as S · t → ⬁ for
all  ⬎ cr. Moreover, for  ⬎ cr the anisotropy amplitude
decays as −1, the phase difference between the anisotropy
and the applied shear reaches the frequency-independent
value  =  / 2, the cycle average of P / ⑀ decays as −2, and
the turbulence kinetic energy k asymptotically approaches
zero. This last result is in agreement with DNS,1 and indicates that turbulence cannot be sustained for shearing frequencies greater than the critical frequency cr.
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