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From consideration of turbulence anisotropy dynamics due to spatial or temporal variations in the
mean strain rate, a new Reynolds stress closure for nonequilibrium effects in turbulent flows has
been developed. This closure, formally derived from the Reynolds stress anisotropy transport
equation, results in an effective strain rate tensor that accounts for the strain rate history to which
the turbulence has been subjected. In contrast to prior nonequilibrium models that have sought to
address nonequilibrium effects via changes in the eddy viscosity, the present approach accounts for
nonequilibrium effects in the fundamental relation between the anisotropy tensor and the strain rate
tensor. The time-local form of the nonequilibrium closure can be readily implemented in place of the
classical equilibrium Boussinesq closure on which most existing computational frameworks are
currently based. This new closure is applied here to four substantially different classes of
nonequilibrium test problems. Results show dramatically improved agreement with experimental
and computational data, without the need to vary any model parameters, when compared with the
standard equilibrium closure and with various prior nonequilibrium closures. © 2008 American
Institute of Physics. 关DOI: 10.1063/1.3006023兴
I. INTRODUCTION

Due to the overwhelming computational resources
needed for direct numerical simulations 共DNSs兲 of essentially all practical engineering turbulent flow problems—and
even for true large eddy simulations 共LESs兲 of most such
problems—the vast majority of simulations for these types of
flows will continue for the foreseeable future to be done
within the steady or unsteady Reynolds-averaged Navier–
Stokes 共RANS兲 framework. We will deal here for purposes
of clarity with incompressible turbulent flows. Averaging the
continuity and momentum equations leads to the first-order
single-point moment equations for the mean-flow velocity
components ūi共x , t兲 and kinematic pressure p̄共x , t兲, namely,

 ūi
= 0,
 xi

共1兲

 p̄

Dūi
=−
+
关2S̄ij − ui⬘u⬘j 兴,
Dt
 xi  x j

共2兲

where D / Dt ⬅  / t + ū j  / x j denotes the mean-flow material
derivative, and
S̄ij ⬅
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ui⬘u⬘j = 32 k␦ij − 共ui⬘u⬘j 兲dev ,

共4兲

where k ⬅ 21 ui⬘ui⬘ is the turbulence kinetic energy. The anisotropic part 共ui⬘u⬘j 兲dev can be equivalently expressed in terms
of the Reynolds stress anisotropy tensor
aij ⬅ −

共ui⬘u⬘j 兲dev
.
k

共5兲

The closure required in Eqs. 共1兲–共4兲 thus amounts to constructing a representation for the anisotropy tensor aij in Eq.
共5兲. It has been a major goal of fluid dynamics research for
well over a century to develop such a closure model that is
reliably accurate over the range of conditions encountered in
essentially all practical problems.
A. Classical equilibrium anisotropy closure

is the mean strain rate tensor. The overbar in Eqs. 共1兲–共3兲 and
elsewhere herein is understood to be an ensemble average at
location x and time t over infinitely many realizations of the
“same” turbulent flow having nominally identical initial and
boundary conditions, despite the fact that this average is often implemented in practice via time or space averaging. The
a兲

ensemble average interpretation will become important for
the nonequilibrium anisotropy closure developed herein.
Solving Eqs. 共1兲–共3兲 requires a closure representation for
the Reynolds stresses ui⬘u⬘j in Eq. 共2兲, where primes denote
fluctuations relative to the average. This stress tensor can be
written in terms of its isotropic form 32 k␦ij and the deviations
from isotropy as

The most widely used turbulence models are formulated
in a framework that introduces the required closure directly
at the level of the second-order single-point moments ui⬘u⬘j .
Nearly all of these are based on the classical equilibrium
Boussinesq hypothesis, first introduced in 1877, that assumes
the deviatoric stresses in Eq. 共4兲 to be directly proportional to
the mean strain rate S̄ij in Eq. 共3兲, namely, 共ui⬘u⬘j 兲dev ⬃ S̄ij. The
corresponding anisotropy tensor in Eq. 共5兲 is then
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S̄ij ,
k

共6兲

where T is an eddy viscosity that must itself be modeled,
often with a two-equation formulation, to complete the closure. The vast majority of such two-equation turbulence
models differ primarily in how they choose to represent T
but fundamentally are based on the equilibrium assumption
in Eq. 共6兲 that the anisotropy is proportional to the local
instantaneous mean strain rate tensor S̄ij.
The inaccuracies of all such “direct Reynolds stress
models” that have been proposed to date are well known.1–3
As a consequence, for at least the past decade or more, most
research has focused elsewhere in seeking improved turbulence models. Today, the most accurate closure approaches
do not represent the Reynolds stresses directly as in Eq. 共6兲
but instead couple Eqs. 共1兲–共3兲 with the system of secondorder single-point moment equations for the six independent
components of ui⬘u⬘j , or equivalently aij, in what are termed
“Reynolds stress transport models.” In principle, the additional partial differential equations involved in such approaches contain all of the relevant dynamics that affect the
Reynolds stress anisotropy tensor aij. In practice, however,
these transport equations involve many terms that must be
modeled, some with Boussinesq-like equilibrium representations that are analogous to Eq. 共6兲. Moreover, numerical integration of the six additional coupled partial differential
equations increases the computational requirements and introduces stability issues associated with solving Eqs. 共1兲–共3兲,
often to such an extent that this approach can be prohibitive
for many practical situations.
Due to their substantially greater computational simplicity, direct approaches for representing the anisotropy aij
based on modifications to the equilibrium closure in Eq. 共6兲,
often by changing how the eddy viscosity T is modeled,
have found more widespread use. Sometimes, the linear
Boussinesq representation is replaced with a general tensorial expansion in powers of the mean strain rate and rotation
rate tensors. Such nonlinear eddy viscosity approaches4–7 retain most of the computational simplicity and efficiency of
two-equation models but attempt to indirectly incorporate
some of the anisotropy dynamics that would otherwise be
accounted for in full Reynolds stress transport models.
By contrast, here we will replace the equilibrium anisotropy expression in Eq. 共6兲 with an alternative closure that is
comparably simple, and thus can be readily implemented in
existing computational frameworks that are built around Eq.
共6兲, but provides a substantially higher-fidelity representation
for the Reynolds stress anisotropy aij in nonequilibrium turbulence than do current nonlinear models or other direct
Reynolds stress models that have been proposed to date.
B. Nonequilibrium anisotropy effects

The Boussinesq closure in Eq. 共6兲 is fundamentally an
equilibrium expression that assumes the anisotropy tensor aij
to depend only on the local instantaneous value of the mean
strain rate tensor S̄ij. Such a representation thus fares poorly
when nonequilibrium effects are significant, namely, when

temporal or spatial variations in flow properties create large
Lagrangian time variations in the strain rate. As will be discussed in Sec. III, the underlying dynamics of the anisotropy
tensor then cannot remain in equilibrium with the rapidly
changing mean strain rate tensor, and the direct proportionality in Eq. 共6兲 becomes inaccurate.
For instance, simulations of periodically sheared homogeneous turbulence8 show a clear phase lag between the applied shear and the turbulence anisotropy, whereas the equilibrium Boussinesq closure in Eq. 共6兲 requires the two to
always remain in phase. In other nonequilibrium flows,9–11 a
similar lag between a rapidly changing applied strain rate
and the response in the turbulence anisotropy is also observed, which the equilibrium nature of the closure in Eq. 共6兲
is fundamentally unable to account for.
Even nonlinear closure representations for the anisotropy
tensor aij, of the type noted in Sec. I A, are unable to account
for such nonequilibrium effects. Most such nonlinear models
still only relate the Reynolds stresses to the local instantaneous mean strain and rotation rate tensors, and thus are
fundamentally still equilibrium closure representations. Such
closures are therefore as insensitive to certain nonequilibrium effects as is the classical Boussinesq equilibrium closure in Eq. 共6兲. Owing to the failure of linear and nonlinear
equilibrium closures in nonequilibrium turbulence, Reynolds
stress transport models or LESs have been generally regarded as the only viable solution approaches for simulating
such flows.
Here, however, we develop a new anisotropy closure that
seeks to include the principal nonequilibrium dynamics of aij
but that can be readily implemented within existing twoequation computational frameworks based on the classical
equilibrium closure in Eq. 共6兲. This is done by formulating a
replacement for the local instantaneous mean strain rate S̄ij
that appears in the equilibrium closure with a nonequilibrium
effective strain rate S̃ij that depends on the straining history
of the flow. In particular, by considering the relation between
the Reynolds stresses and the vorticity and using a linearized
analysis of the nonequilibrium vorticity dynamics in the
frame of a translating and rotating material element subjected to time-varying imposed strain rate Sij共t兲, we express
the time response in the vorticity alignment relative to the
imposed strain rate eigenvectors as a convolution integral
over the strain history to which such individual material elements have been subjected. The anisotropy tensor aij then
results from the ensemble average over the elements arriving
at the location x at the time t in all realizations of the same
turbulent flow. This produces a linear closure relation analogous to Eq. 共6兲 but with the resulting ensemble-averaged
effective strain rate tensor S̃ij appearing in place of the mean
strain rate S̄ij. We show how this result can be obtained from
the transport equation for the Reynolds stress anisotropy aij
and how the resulting nonequilibrium anisotropy closure is
related to various prior anisotropy models. When this simple
nonequilibrium closure is applied to a range of nonequilibrium test cases, it shows substantial improvements over the
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classical equilibrium closure and over existing direct approaches for including nonequilibrium effects in Reynolds
stress closures.
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II. TWO-EQUATION CLOSURE FORMULATIONS
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The nonequilibrium anisotropy closure developed herein
is formulated as a replacement for the equilibrium closure in
Eq. 共6兲. Thus, for example, it can be implemented in essentially any two-equation turbulence model, such as the k-⑀
model,12 k- model,13 and blended k-⑀ / k- model.14 Due to
the widespread familiarity with the standard k-⑀ 共SKE兲
model and the fact that other nonequilibrium closures have
been cast in a similar framework, the present nonequilibrium
closure will be demonstrated and evaluated within the framework of the k-⑀ model. This is done solely to compare the
performance of this new nonequilibrium closure with the
conventional equilibrium closure in Eq. 共6兲 and does not represent any inherent limitation in the applicability of the
model.
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FIG. 1. 共Color online兲 Variation in anisotropy component −a12 with Sk / ⑀ in
turbulent channel flow, showing good agreement of linear form from equilibrium k-⑀ models 共SKE and RKE兲 in Eq. 共12兲 with DNS results of Kim
et al. 共Ref. 15兲 for Sk / ⑀ values outside the near-wall region.

A. The k and ⑀ equations

In two-equation k-⑀ formulations, the eddy viscosity in
Eq. 共6兲 is represented in terms of the turbulence kinetic energy k and the kinetic energy dissipation rate ⑀, and thus on
dimensional grounds must be
2

T = C

k
,
⑀

共7兲

where C is a constant. The closure is completed by the
inclusion of two modeled transport equations for k and ⑀,
usually written as


Dk
=P−⑀+
Dt
xj

冋冉 冊 册
冋冉 冊 册
+

T  k
,
k  x j

⑀
D⑀
⑀2 
= C ⑀1 P − C ⑀2 +
k
Dt
k xj

+

T  ⑀
,
⑀  x j

共8兲

共9兲

in which the kinetic energy production rate P for incompressible flows 共S̄ii ⬅ 0兲 is
P ⬅ − ui⬘u⬘j S̄ij = − kaijS̄ij .

共10兲

Standard values12 of the model constants are
C = 0.09,

k = 1.0,

C⑀1 = 1.44,

C⑀2 = 1.92,

⑀ = 1.3.

共11兲

B. Equilibrium standard k-⑀ and realizable
k-⑀ implementations

When the equilibrium closure in Eq. 共6兲 is used for the
anisotropy aij with the eddy viscosity in Eq. 共7兲, the resulting
equilibrium k-⑀ model represents the Reynolds stress anisotropy as

冉 冊

k
Sk S̄ij
aij = − 2C S̄ij = − 2C
,
⑀
⑀ S

共12兲

where S ⬅ 共2S̄ijS̄ ji兲1/2 characterizes the mean strain rate magnitude. The equilibrium form of this SKE model is relatively
successful in turbulent flows where Lagrangian derivatives
of flow properties such as k and ⑀ are sufficiently small, such
as in channel flow or other thin shear flows. Indeed, Fig. 1
shows close agreement for small values of Sk / ⑀ between
DNS results15 and the SKE model in a fully developed turbulent channel flow. In particular, the linear variation in Eq.
共12兲 of aij with the relative strain 共Sk / ⑀兲 is seen to be in good
agreement with the DNS data across most of the channel. In
the near-wall region where Sk / ⑀ becomes large, the agreement becomes poor, and thus somewhat closer agreement is
often forced by limiting C in Eq. 共11兲 via the Bradshaw
hypothesis as
C =

再

0.09

for Sk/⑀ ⱕ 3.4

0.31共Sk/⑀兲−1 for Sk/⑀ ⬎ 3.4

冎

共13兲

to yield a partially realizable k-⑀ 共RKE兲 model. The SKE and
RKE models outlined in Eqs. 共7兲–共13兲 for implementing the
equilibrium anisotropy closure in Eq. 共6兲 will be used for
comparisons with the nonequilibrium closure developed
herein.
C. The k and ⑀ equations in homogeneous flows

The assessments presented in Sec. IV of the equilibrium
closure in the SKE and RKE models and the present nonequilibrium closure are for tests in various homogeneous turbulent flows, for which the k and ⑀ equations in Eqs. 共8兲 and
共9兲 become substantially simpler. Since  / x j共 兲 ⬅ 0 in homogeneous turbulence, the time evolution of the Reynolds stress
tensor becomes decoupled from the first-order single-point
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FIG. 2. 共Color online兲 Evolution of turbulence kinetic energy k共t兲 / k0 for
initially isotropic impulsively sheared homogeneous turbulence with
Sk0 / ⑀0 = 3.4, showing failure of equilibrium k-⑀ 共SKE兲 model in predicting
initial nonequilibrium response in k共t兲 from LES results of Bardina et al.
共Ref. 9兲.

moment equations in Eqs. 共1兲–共3兲. Moreover, for a given
applied strain rate tensor S̄ij共t兲, the equations for k共t兲 and ⑀共t兲
in Eqs. 共8兲 and 共9兲 reduce to
dk
= − kaijS̄ij − ⑀ ,
dt

共14兲

librium effects in the anisotropy response to the applied
shear, which are not correctly represented by the Boussinesq
equilibrium hypothesis.
Such errors due to nonequilibrium effects will arise
whenever Lagrangian time variations in the strain rate S̄ij共t兲,
as well as corresponding variations in k and ⑀, are sufficiently large that the finite time response of the turbulence
prevents the anisotropy from reaching equilibrium with the
strain rate. As will be seen in Sec. III, such nonequilibrium in
the turbulence response can also occur where rotation effects
along the mean-flow streamlines are sufficiently large, and
even when cross-stream spatial inhomogeneities in the strain
and rotation rates are sufficiently large. Since these features
commonly arise in practical engineering turbulent flow problems, at least some of the shortcomings of traditional equilibrium turbulence models may be addressed by properly incorporating nonequilibrium effects into the closure scheme.
III. PROPOSED NONEQUILIBRIUM
ANISOTROPY CLOSURE

The new nonequilibrium anisotropy closure developed
herein seeks to include the finite time response of the turbulence anisotropy noted above but to do so within a comparatively simple direct model for the anisotropy tensor aij. In the
following, a heuristic examination of the physics underlying
vorticity dynamics in the presence of varying strain is used
to motivate a history-dependent effective strain rate tensor,
which is then rigorously derived from the transport equation
for the Reynolds stress anisotropy.
A. Physical basis of turbulence anisotropy

⑀
d⑀
= − C⑀1⑀aijS̄ij − C⑀2 .
dt
k
2

共15兲

For a given S̄ij共t兲 the resulting k共t兲 and ⑀共t兲 are found from
Eqs. 共14兲 and 共15兲, with the anisotropy aij共t兲 given by Eq.
共12兲 for the equilibrium SKE and RKE models as outlined
above.
D. Performance of equilibrium closure
in nonequilibrium turbulence

Figure 2 shows the performance of the equilibrium anisotropy closure in the SKE model for the case of initially
isotropic homogeneous turbulence with k = k0 and ⑀ = ⑀0 at
t = 0 that is suddenly subjected for t ⬎ 0 to homogeneous
mean shear with relative magnitude Sk0 / ⑀0 = 3.4. The anisotropy created by the impulsive shear S̄ij共t兲 leads to changes in
k共t兲, ⑀共t兲, and aij共t兲. The resulting k共t兲 from the equilibrium
closure is compared with LES results9 for this case. At relative times St Ⰷ 1, both LES and the equilibrium model show
an increase in k with time. However, until St ⬇ 2 there are
significant differences between the LES and equilibrium
SKE results. In particular, LES shows that the initial response of the turbulence to the impulsively applied shear is a
decrease in k共t兲, while the equilibrium closure in Eq. 共12兲 in
the SKE model causes the turbulence kinetic energy to instead increase with time. The difference is due to nonequi-

The approach taken here is rooted in the dynamics of the
vorticity field i共x , t兲 under the effect of a strain rate field
Sij共x , t兲. While this is formally equivalent to the dynamics in
the transport equation for the Reynolds stress anisotropy tensor aij, the number of terms that must be approximated in the
vorticity transport equation is significantly smaller, and there
is a substantial available background on vorticity dynamics
that can be used to guide in modeling the effect of these
terms on aij.
The Biot–Savart integral relating the velocity fluctuations to the vorticity fluctuations, namely, the inverse of the
vector curl operator, is given by
ui⬘共x,t兲 =

1
4

冕

⑀ijk⬘j 共x̌,t兲

x̌

共xk − x̌k兲
兩x − x̌兩3

d3x̌,

共16兲

where ⑀ijk is the cyclic permutation tensor. From Eq. 共16兲,
the single-point velocity fluctuation correlation can be expressed exactly in terms of the two-point vorticity fluctuation
correlation via a double Biot–Savart integral as
ui⬘u⬘j 共x,t兲 =

1
4
⫻

冕 冕
x̌

1
4

⑀ikl⑀ jmnk⬘共x̌,t兲m⬘ 共x̂,t兲

x̂

共xl − x̌l兲 共xn − x̂n兲
兩x − x̌兩3 兩x − x̂兩3

d3x̌d3x̂.

共17兲

It is apparent from Eq. 共17兲 that the two-point vorticity fluc-
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tuation correlation determines the Reynolds stresses, and
thus the anisotropy aij. However, the vorticity fluctuation
correlation, being a small-scale quantity, is in turn fundamentally determined by the relative alignment of the vorticity
field i共x , t兲 at relatively closely spaced points. Thus, physical insights into the anisotropy evolution can be gained from
consideration of the vorticity alignment, which is governed
by the substantially simpler transport equation
Di
=  jSij + ⵜ2i .
Dt

共18兲

The nonlinear dynamics in Eq. 共18兲 enter through the inertial
stretching term on the right-hand side, which introduces a
dependence on the instantaneous strain rate tensor Sij共x , t兲.
To understand the effect of the strain rate Sij on the
alignment of the vorticity i, it is common to consider a
small material element containing a segment of a typical
vortical structure into which the vorticity is naturally concentrated at large Reynolds numbers by the competing effects of
the stretching and diffusion terms in Eq. 共18兲. The strain rate
field within such an element can be separated16–19 into the
local strain rate field SLij induced within the element by the
local vorticity inside the element and the background strain
rate field SBij induced within the element by all the remaining
共nonlocal兲 vorticity outside the element as
Sij共x,t兲 = SLij共x,t兲 + SBij共x,t兲.

共19兲

The background strain SBij reflects the largely linear influence
of all the surrounding vorticity on the element; this provides
only a relatively weak and indirect nonlinear coupling due to
the effect of the local vorticity on the nonlocal vorticity. The
direct nonlinearity in the vorticity dynamics is due to the
local strain SLij, through which the structure acts on itself. As
noted in Ref. 19 the instantaneous vorticity vector naturally
rotates toward alignment with the most extensional eigenvector of the background strain field SBij, while the local strain
rate field SLij induced by any vortical structure has almost no
component along the vorticity vector direction. It is primarily
through local curvature in the vortical structure that the effect of the local strain on the local vorticity becomes significant. Indeed, for axisymmetric 共linelike兲 and planar 共sheetlike兲 vortical structures20 the local strain SLij may be large but
has no component that interacts with the local vorticity.
This suggests that in much of the flow the local dynamics of the vorticity field can be represented as a linear inviscid process governed by the imposed nonlocal background
strain SBij共x , t兲, namely,
Di
⬇  jSBij .
Dt

共20兲

Key features of the nonequilibrium vorticity alignment dynamics in turbulence can be seen in Eq. 共20兲. For slowly
varying SBij共x , t兲, the vorticity vector will rotate toward alignment with the most extensional principal axis of the background strain rate tensor—this is typically the intermediate
principal axis of the combined strain rate tensor in Eq. 共19兲.19
So long as SBij共x , t兲 varies sufficiently slowly, the vorticity
will remain in this equilibrium alignment with the back-

Phys. Fluids 20, 115101 共2008兲

ground strain rate tensor. However, when the background
strain rate SBij共x , t兲 changes rapidly, then in a frame aligned
with the new eigenvectors of SBij the short-time dynamics in
Eq. 共20兲 leads to an exponential reorientation of the vorticity,
on the reorientation time scale 1 / SB where SB ⬅ 共2SBijSBij兲1/2,
toward the new most extensional principal axis of SBij.
From this quasilinearized model of the local vorticity
orientation dynamics in a small material element, we now
consider a Lagrangian element that is large enough to contain many such concentrated vortical structures and thereby
allows a spatial average within it to define the anisotropy
tensor aij共t兲 as well as the kinetic energy k共t兲 and dissipation
rate ⑀共t兲. In the absence of any preferred direction imposed
by the strain rate tensor SBij acting on the element, the selfinduced and mutual straining of the vortical structures produces a characteristic local strain rate ⑀ / k that leads to randomization of the vorticity vector orientations within the
element, and thus aij = 0. We then examine the impulse response of the anisotropy in this element by imposing a large
background strain, specifically SBk / ⑀ → ⬁, over a short duration. Since SB Ⰷ ⑀ / k during the impulse, the vortical structures must all align on the time scale 1 / SB with the most
extensional principal axis of SBij. For the resulting completely
aligned vorticity field, the anisotropy aij then attains its
maximum value. Once the imposed strain is relaxed, the selfinduced and mutual straining of the vortical structures gradually returns the random orientations of the vorticity vectors
within the element on the time scale k / ⑀, so that aij → 0. This
impulse response of the vorticity alignment in the turbulence
suggests a linearized description of turbulence anisotropy dynamics for an arbitrary imposed strain rate SBij.
To formalize this, we return to the original small material element, where the dynamics are essentially linear due to
Eq. 共20兲, but rather than examining a single element we now
consider the ensemble of elements—one from each realization of the flow for the same nominal initial and boundary
conditions—that arrive at location x at time t, as indicated in
Fig. 3. Each element arrives along a different pathline, and
thus has been subjected to a different straining history SBij共兲,
where the time  identifies the position along the pathline.
The ensemble average over all elements at time t now defines the anisotropy tensor, and from the above considerations it is apparent that the resulting aij共x , t兲 will not be
proportional to the local instantaneous ensemble average of
SBij at location x and time t. Rather, if we seek an effective
strain rate S̃ij so that aij ⬃ S̃ij, then motivated by the above
considerations of the impulse response in the vorticity alignment we can regard the vorticity dynamics and associated
turbulence anisotropy as a linear system, having the ensemble average of the straining history, denoted 具SBij共兲典, as
its input, h共t − 兲 as its impulse response, and aij—or equivalently S̃ij—as its output. From linear system theory, the output will be a convolution of the input 具SBij共兲典 with the impulse response h共t − 兲, and thus the effective strain rate will
be of the form
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S̃ij共x,t兲 =

冕

t

具SBij共兲典R共兲h共t − 兲D .

共21兲

−⬁

Here 具SBij共兲典R共兲 is the ensemble average over all elements at
time  along their individual pathlines, as indicated in Fig. 3.
This ensemble average is closely related19 to the mean strain
rate S̄ij appearing in standard anisotropy closures, and from
the formal derivation in Sec. III B, 具SBij共兲典R共兲 appearing in
Eq. 共21兲 will be replaced by S̄ij共兲.
Note that as the material elements in Fig. 3 translate,
they also rotate with the local average rotation rate tensor,
− ⍀̄ij ⬅

冉

冊

1  ūi  ū j
−
,
2  x j  xi

共22兲

the elements of which are the components of the average
vorticity vector within the element. The vortical structures
within the element rotate with this mean rotation tensor ⍀̄ij,
and thus at earlier times  in Fig. 3 the orientation of the
vortical structures differs from that at time  = t. The rate of
change in the anisotropy is determined by the relative alignment of these structures with the background strain rate tensor SBij. As a consequence, in Eq. 共21兲 the components of the
background strain rate tensor 具SBij共兲典R共兲 must be given in the
coordinate frame of the element at time .
In Sec. III B, the heuristic result in Eq. 共21兲 is derived
more formally from the transport equation for aij. The linearization of the aij dynamics, while historically done for
other reasons, is here motivated by the quasilinearized vorticity dynamics in Eq. 共20兲 and will be seen below to produce a result for the effective strain rate S̃ij analogous to Eq.
共21兲.

From the definition of the Reynolds stress anisotropy
tensor in Eq. 共5兲, the aij transport equation can be obtained
from

冉

冊

共23兲

On the right-hand side, the transport equation for the
Reynolds stress tensor ui⬘u⬘j can be written1,3,5,21 as
Dui⬘u⬘j
= Pij + ⌽ij − ⑀ij + Dij ,
Dt

共24兲

where Pij is the production tensor, ⌽ij is the pressure-strain
correlation tensor, ⑀ij is the dissipation rate tensor, and Dij
accounts for viscous and turbulent transport. The corresponding transport equation for the turbulence kinetic energy k is
obtained from the trace of Eq. 共24兲 and is given by
Dk
= P − ⑀ + D,
Dt

冉 冊

冋

册

1
2
1
Daij
P
⑀
− 1 aij +
Pij − P␦ij + ⌸ij
=−
3
Dt
⑀
k
k
k
+

冋 冉

冊册

1
2
Dij − aij + ␦ij D ,
3
k

共26兲

where the dissipation rate tensor has been decomposed5 into
its isotropic 共⑀兲 and deviatoric 共⑀ij兲dev parts as

⑀ij = 32 ⑀␦ij + 共⑀ij兲dev

共27兲

and where

B. The effective strain rate tensor

Daij 1 Dui⬘u⬘j ui⬘u⬘j Dk
.
=
−
Dt
k
Dt
k Dt

FIG. 3. 共Color online兲 Schematic showing material elements arriving at
共x , t兲 along different pathlines in three representative realizations of the
same turbulent flow. Anisotropy aij共x , t兲 results from ensemble average over
all elements at 共x , t兲, and thus reflects vorticity alignments due to different
straining histories along different pathlines. R共兲 shows representative ensemble of all elements at earlier time , revealing effect of strain and rotation histories of mean-flow streamline on aij共x , t兲.

共25兲

where P is defined in Eq. 共10兲, D ⬅ Dnn / 2, and ⌽nn ⬅ 0 in
Eq. 共24兲. Substituting Eqs. 共24兲 and 共25兲 into Eq. 共23兲 and
employing the definition of the anisotropy tensor in Eq. 共5兲
gives the anisotropy transport equation

⌸ij ⬅ ⌽ij − 共⑀ij兲dev .

共28兲

The production term in Eq. 共26兲 can be fully expanded in
terms of aij, S̄ij, and the antisymmetric part of the mean
velocity gradient tensor W̄ij, where W̄ij ⬅ −⍀̄ij from Eq. 共22兲,
as

关Pij − 32 P␦ij兴 = − 34 kS̄ij − k共ailS̄lj + S̄ilalj − 32 anlS̄nl␦ij兲
+ k共ailW̄lj − W̄ilalj兲.

共29兲

Typically the pressure-strain correlation ⌸ij in Eq. 共26兲 is
modeled as a tensorial expansion in terms of aij, S̄ij, and W̄ij.
This is given1,5,22 by the expression

共

⌸ij = − C1⑀aij + C2kS̄ij + C3k ailS̄lj + S̄ilalj − 32 anlS̄nl␦ij
− C4k共ailW̄lj − W̄ilalj兲 + ¯ ,

兲

共30兲

where the Ci are constants that may depend on invariants of
the S̄ij and W̄ij tensors. Substituting Eqs. 共29兲 and 共30兲 into
Eq. 共26兲 and rearranging terms gives the anisotropy transport
equation as
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冉

2
Daij
⑀
= − ␣1 aij + ␣2S̄ij + ␣3 ailS̄lj + S̄ilalj − anlS̄nl␦ij
3
Dt
k
− ␣4共ailW̄lj − W̄ilalj兲 +

冋 冉

冊册

冊

1
2
Dij − aij + ␦ij D
3
k

共31兲

+ ¯,
where

␣1 =

P
− 1 + C 1,
⑀

␣3 = C3 − 1,

4
␣2 = C2 − ,
3

␣4 = C4 − 1.

共32兲

Setting the Lagrangian time derivative on the left-hand
side of Eq. 共31兲 to zero, as originally suggested by Pope23
and Rodi,24 would discard the explicit nonequilibrium dynamics and lead to the class of algebraic Reynolds stress
closures. Within this class, the linear equilibrium closure
representation in Eq. 共6兲 is obtained by neglecting all terms
in Eq. 共31兲 involving higher-order combinations of aij with
S̄ij and W̄ij, as well as the Dij transport terms, and solving for
aij in terms of the linear S̄ij term alone. Various nonlinear
equilibrium models result when the higher-order terms are
retained in the closure. For example, Gatski and Speziale,5
Girimaji,6 and Wallin and Johansson7 all derived explicit algebraic models using various equilibrium assumptions, while
Yoshizawa,25 Speziale,26 Rubinstein and Barton,27 Taulbee,28
and Yakhot et al.29 derived nonlinear models based on various expansion methods.
With regard to the present nonequilibrium closure approach, however, we will retain the time derivative on the
left-hand side of Eq. 共31兲 and in so doing account for much
of the finite time dynamics of the anisotropy tensor. Motivated by the largely linear dynamics that govern the strainvorticity alignment, and thus the anisotropy, as discussed in
Sec. III A, we use the most general form of Eq. 共30兲 that is
linear in aij. Higher-order aij terms are sometimes
retained22,30 to account for additional aspects of the underlying physics, but it has been noted31 that these terms are typically small. This gives the weakly nonlinear form of the
anisotropy transport equation represented by the terms
shown explicitly in Eq. 共31兲. Further consistent with the predominantly linear strain-vorticity alignment dynamics, in this
section we retain only the first two terms on the right-hand
side of Eq. 共31兲. This gives a quasilinearized dynamical
equation for the anisotropy evolution as
1
Daij
=−
aij + ␣2S̄ij ,
Dt
⌳m

and where

k
⑀

1
.
␣1

共33兲

共34兲

共35兲

In the following we will determine a constant value for C⌳
from the nonequilibrium test cases in Sec. IV. The quasilinear form in Eq. 共33兲 is similar to the Maxwell model for
linear viscoelastic fluids,32 where ⌳m is the analogous relaxation time. Note that while there are no retardation terms in
Eq. 共33兲 involving material derivatives of S̄ij, it may be possible to formulate a more general expansion for the pressurestrain correlation ⌸ij in Eq. 共30兲 that does account for retardation effects, resulting in a model similar to the Oldroyd or
Jeffreys viscoelastic models.32 In the following, however, we
will continue to work with the widely accepted form for ⌸ij
in Eq. 共30兲 and the resulting quasilinear equation in Eq. 共33兲,
where retardation effects do not appear.
While the quasilinear equation in Eq. 共33兲 lacks many of
the higher-order interactions between aij, S̄ij, and W̄ij on the
right-hand side of Eq. 共31兲, it still contains the principal dynamics governing the evolution of the anisotropy in nonequilibrium turbulence, where the mean strain rate varies rapidly
with respect to the turbulence response time scale ⌳m. The
linearized anisotropy transport equation in Eq. 共33兲 contains
both a “slow” 共−aij / ⌳m兲 and a “fast” 共␣2S̄ij兲 contribution to
the anisotropy evolution. The fast term accounts for the direct response of turbulence to changes in the mean strain and
is often the leading term in rapid distortion analyses of the
Reynolds stress anisotropy equation.21 The slow term represents the vortex scrambling noted in Sec. III A, and thus
accounts for the decreasing effect over time of the prior
straining history on the local anisotropy. As a result, Eq. 共33兲
addresses the two canonical limits of nonequilibrium turbulence, namely, turbulence subjected to impulsively applied
mean strain, where the fast term is dominant, and impulsively removed mean strain, where the slow term is dominant. Equation 共33兲 was originally proposed by Rotta,33 and
was used, for example, by Yakhot et al.29 as the basis for a
simple Reynolds stress transport model of the type discussed
in Sec. I A, where the six equations for aij are solved together with the k and ⑀ equations.
Here, however, we will integrate Eq. 共33兲 directly to
obtain a simpler direct Reynolds stress model that can be
readily implemented in the conventional two-equation
framework for closing the mean-flow equations in Eqs.
共1兲–共5兲. The quasilinear equation in Eq. 共33兲 has an exact
solution of the form
aij共t兲 =

where we have denoted the resulting turbulence memory
time scale ⌳m as
⌳m ⬅ C⌳

C⌳ ⬅

冕

t

␣2S̄ij共兲e−兰关⌳m共t⬘兲兴
t

−1Dt

⬘D  ,

共36兲

−⬁

where the histories of both S̄ij and the memory time scale ⌳m
along a mean-flow pathline are accounted for in the expression for aij. However, in regions where nonequilibrium effects are large, the Lagrangian time variations in the mean
strain rate S̄ij will occur on time scales significantly faster
than the turbulence response time scale from the slow term
in Eq. 共33兲. In that case, ⌳m共t兲 will be essentially constant
with respect to the time scale over which Eq. 共33兲 must be
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integrated, and thus the solution for aij from Eq. 共36兲 becomes a convolution integral of the form
aij共t兲 =

冕

␣2S̄ij共兲h共t − 兲D ,

共37兲

where h共兲 is the exponentially decaying impulse response
that represents the effective “memory” of the turbulence to
its strain history, namely,
h共t − 兲 = e−共t−兲/⌳m共t兲 .

␣2
,
2␣1

共39兲

the convolution in Eq. 共37兲 can be equivalently written, with
Eqs. 共34兲 and 共35兲, as
aij共t兲 = − 2C

k 1
⑀ ⌳m共t兲

冕

t

S̄ij共兲e−共t−兲/⌳m共t兲D .

共40兲

−⬁

Since ⌳m共t兲 is a constant with respect to the integration variable , the effective strain rate tensor S̃ij can be defined as

冕

t

S̄ij共兲

−⬁

e−共t−兲/⌳m共t兲
D ,
⌳m共t兲

共41兲

in terms of which the nonequilibrium anisotropy closure can
be written in a form analogous to the traditional equilibrium
closure in Eq. 共12兲 as
k
aij共t兲 = − 2C S̃ij共t兲.
⑀

共42兲

C. The nonequilibrium anisotropy hypothesis

The relation in Eq. 共42兲 between the anisotropy tensor aij
and the effective strain rate tensor, together with the definition of the eddy viscosity T in Eq. 共7兲, gives
aij = − 2

C⌳

Yakhot et al. 共Ref. 29兲

4.4

0.23

Launder et al. 共Ref. 41兲
Gibson and Launder 共Ref. 42兲

2.4
2.7

0.42
0.37

Gatski and Speziale 共Ref. 5兲

4.3

0.23

共38兲

Note that Eqs. 共37兲 and 共38兲 are consistent with the heuristic
result in Eq. 共21兲 from Sec. III A. The present focus on nonequilibrium effects due to the fast term in Eq. 共33兲 distinguishes the present approach from prior nonequilibrium
eddy viscosity models,34–36 which have emphasized nonequilibrium effects related to the time variation in k / ⑀ in the slow
term and the associated time-varying eddy viscosity T共t兲.
The closure in Eq. 共37兲 also provides a direct model for the
anisotropy, whereas various prior nonequilibrium
approaches29,37,38 require the solution of more extensive sets
of coupled differential equations.
By noting5,35 that C in Eq. 共7兲 is related to the ␣i in
Eqs. 共31兲 and 共32兲 as

S̃ij共t兲 =

␣1

t

−⬁

C ⬅ −

TABLE I. Recommended ␣1 values and corresponding C⌳ values from various prior closure approaches.

T
S̃ij .
k

共43兲

The result in Eq. 共43兲 is a general nonequilibrium anisotropy
closure hypothesis for the Reynolds stresses in turbulent
flows that replaces the equilibrium anisotropy closure in

Eq. 共6兲. Comparison with Eq. 共6兲 shows that Eq. 共43兲 is still
an eddy viscosity formulation and that it differs from the
classical Boussinesq equilibrium hypothesis only in that the
anisotropy tensor is proportional to the effective strain rate
tensor S̃ij in Eq. 共41兲 rather than to the local instantaneous
strain rate tensor S̄ij. This nonequilibrium closure can thus be
readily implemented in essentially any existing computational framework for solving Eqs. 共1兲–共5兲 based on an eddy
viscosity approach, and modeling of the eddy viscosity T
can be done by precisely the same methods as currently used
for the Boussinesq equilibrium closure in Eq. 共6兲.
It should be noted that the underlying convolution in Eq.
共37兲 is similar in some respects to a constitutive equation
proposed by Crow.39 In the present approach, however, the
vortex scrambling effect that leads to the memory function
h共兲 in the convolution is arrived at in a more natural way
from the linear expansion of the pressure-strain correlation in
Eq. 共30兲. The Crow model is often cited22,29,31 for its prediction of ␣2 in the fast pressure-strain term in Eq. 共33兲. Here
we have used the more recent form in Eq. 共30兲 for the
pressure-strain correlation to additionally incorporate effects
due to the slow vortex scrambling term in Eq. 共33兲. Several
other studies10,40 have noted the importance of the accumulated strain 兰S̄ij共兲d in the response of turbulence anisotropy
subjected to rapidly varying mean strain. However, this
accumulated strain is derived from Eq. 共33兲 by retaining
only the fast term 共␣2S̄ij兲, while the exponentially decreasing
memory effect in Eq. 共41兲 arises from the slow term
共−aij / ⌳m兲. It has been noted8 that the slow term is necessary
for correctly capturing the physics governing anisotropy evolution in periodically sheared turbulence, and it will be seen
in the test cases in Sec. IV that the memory effect in Eq. 共41兲
is an essential aspect of the nonequilibrium response of turbulence anisotropy.
The value of the memory time scale coefficient C⌳ in
Eq. 共35兲 can be anticipated from the ␣1 values in various
prior models. In particular, the stress relaxation model of
Yakhot et al.,29 the pressure-strain correlation models of
Launder et al.41 and Gibson and Launder,42 and the explicit
algebraic Reynolds stress model of Gatski and Speziale5 give
corresponding values of C⌳ from Eq. 共35兲 shown in Table I
共where P / ⑀ ⬇ 1.9 for homogeneous flows was used to calculate ␣1兲. These earlier models thus suggest C⌳ ⬇ 0.3; however, the appropriate value of C⌳ for the present nonequilibrium closure will be determined in Sec. IV from various test
cases.
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D. Time-local implementation

The effective strain rate S̃ij was obtained naturally in Eq.
共41兲 in the form of a convolution integral. This can be directly evaluated for given imposed strain rate histories S̄ij共t兲
in the nonequilibrium tests presented in Sec. IV. However, it
does not lend itself readily to implementation in most computational frameworks for solving Eqs. 共1兲–共5兲, where only
local instantaneous variables are typically available. The integral can, however, be written in an equivalent time-local
form that allows S̃ij to be readily evaluated in such implementations.
The Lagrangian strain rate history term S̄ij共兲 in the convolution integral in Eq. 共41兲 can be expanded about the current time t as

冏 冏

S̄ij共兲 = S̄ij共t兲 −

冏 冏

1 D2S̄ij
DS̄ij
共t − 兲 +
共t − 兲2 + ¯ .
2 Dt2 t
Dt t
共44兲

Substituting Eq. 共44兲 in Eq. 共41兲, the effective strain rate can
be written as
S̃ij共t兲 =

Phys. Fluids 20, 115101 共2008兲
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冕

t

冋 冏 冏
冏 冏
册

e−共t−兲/⌳m
DS̄ij
S̄ij共t兲 −
共t − 兲
⌳m
Dt t

−⬁

+

1 D2S̄ij
共t − 兲2 + ¯ D .
2 Dt2 t

共45兲

Since the derivatives of S̄ij do not depend on , Eq. 共45兲 can
be written as
⬁

S̃ij共t兲 = 兺

n=0

冏 冏冕

共− 1兲n DnS̄ij
n!
Dtn

which then gives
⬁

共t − 兲n

t −⬁

冏 冏

S̃ij = S̄ij + 兺 共− ⌳m兲n
n=1

t

DnS̄ij
.
Dtn t

e−共t−兲/⌳m
D ,
⌳m

D̊aij ␦ij D̊all
⑀
−
= − ␣1 aij + ␣2S̄ij .
Dt
3 Dt
k

共48兲

where D̊ / Dt is the frame-invariant Oldroyd derivative defined as

 ū j
D̊aij Daij  ūi
⬅
−
alj −
ali .
Dt
Dt
 xl
 xl

共49兲

Whereas the Lagrangian time derivative on the left-hand side
of Eq. 共33兲 accounts for the rate of change in the anisotropy
in a frame that translates with the mean flow, the Oldroyd
derivative gives the rate of change in a frame that translates,
rotates, and deforms with the mean flow, and thus is more
fully consistent with the physical picture of turbulence anisotropy noted in Sec. III A.
Within the field of rheology,32,43,44 constitutive equations
related to Eq. 共48兲 that incorporate more complex convective
derivatives of the stress tensor often yield integral solutions
analogous to Eq. 共36兲. Thus, following similar reasoning to
that employed in the derivation of Eq. 共47兲, we can obtain a
generalized effective strain that is expressed in time-local
form using the Oldroyd derivative as43

⬁

S̃ij = S̄ij + 兺 共− ⌳m兲n
n=1

冋

D̊nS̄ij ␦ij D̊nS̄ll
−
Dtn
3 Dtn

册

.

共50兲

t

共46兲

共47兲

The form of the effective strain rate tensor in Eq. 共47兲 is
equivalent to the convolution integral in Eq. 共41兲 but allows
a time-local evaluation of S̃ij. As an aside, in the general
theory of viscoelastic constitutive models, the expansion in
Eq. 共47兲 is analogous to the exact series solution for the
Maxwell fluid model, in which retardation effects do not
appear, and is related to the Rivlin–Erickson constitutive
equations for linear viscoelastic fluids.43 With the nonequilibrium anisotropy hypothesis in Eq. 共43兲, the time-local
form in Eq. 共47兲 allows straightforward implementation of
the present nonequilibrium model in a computational framework where only local average variables are available.
Note that in obtaining the reduced anisotropy transport
equation in Eq. 共33兲, several terms on the right-hand side of
Eq. 共31兲 that account for additional effects of the rotation and
strain rate tensors on the anisotropy aij were neglected. However, some of the effects of these terms can be retained by
bringing part of their contribution to the left-hand side of Eq.
共33兲 to obtain

In this time-local form, the series still gives the nonequilibrium effects as in Eq. 共47兲 but now accounts for some of the
effects of rotation and strain from the higher-order terms
neglected in the original expansion in Eq. 共47兲.
Note that the first term on the right-hand side in Eq. 共47兲
or Eq. 共50兲 gives the equilibrium response of the flow, and
the series accounts for the local nonequilibrium effects on
the turbulence anisotropy. The leading n = 1 term in the series
gives the first-order departures from equilibrium, and thus
when the local nonequilibrium in the turbulence is sufficiently weak it may be adequate to retain only this term.
Where local nonequilibrium effects in the turbulence anisotropy are sufficiently large to exceed this weak limit, additional terms in the series must be retained to adequately account for the effect of the Lagrangian strain rate history. It
should be pointed out that the increasingly higher-order derivatives of S̄ij in Eq. 共47兲 or Eq. 共50兲 could potentially affect
the numerical stability and convergence properties of a full
computational framework for solving the RANS equations
with this new nonequilibrium Reynolds stress closure. However, it will be seen in Sec. IV C that truncation of Eqs. 共47兲
and 共50兲 at the n = 1 term, for which numerical difficulties are
not expected to be prohibitive, is sufficient to give substantially improved predictions for the periodically sheared nonequilibrium test case.
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IV. TESTS OF THE PROPOSED NONEQUILIBRIUM
CLOSURE

Test cases based on homogeneous flows play a key role
in turbulence model development since they allow the underlying model physics to be probed directly. The resulting decoupling of the turbulence model from the mean-flow equations allows the anisotropy evolution to be calculated by
simple numerical integration of ordinary differential equations, without the need for a full computational framework
that can often confuse numerical issues with the performance
of the turbulence closure model. In particular, nonequilibrium homogeneous flows are used in this section to conduct
a detailed evaluation of turbulence model dynamics in the
presence of time-varying imposed mean strain rates S̄ij共t兲.
Such direct assessments of nonequilibrium closure models
can be difficult to conduct in the framework of a full computational simulation for various steady and equilibrium
mean-flow problems that are often used for turbulence model
validation.40
Four substantially different nonequilibrium test cases
will be addressed here, namely, 共i兲 impulsively sheared homogeneous turbulence, for which LES results are available
for comparison from Bardina et al.,9 共ii兲 periodically sheared
homogeneous turbulence, for which computational data are
available for comparison from Yu and Girimaji,8 共iii兲
strained, relaxed, and destrained homogeneous turbulence,
for which experimental data are available for comparison
from Chen et al.,11 and 共iv兲 interaction of homogeneous initially isotropic turbulence with a shock wave, for which DNS
data are available from Lee et al.45 and Mahesh et al.46 In
each case, comparisons of the present nonequilibrium closure hypothesis are made with the Boussinesq equilibrium
hypothesis in Eq. 共6兲 via the SKE or RKE models. In all four
cases, the imposed strain rate S̄ij共t兲 allows the effective strain
rate S̃ij共t兲 in Eq. 共41兲 to be evaluated analytically. For all
cases, the prefactor C⌳ in the memory time scale ⌳m in Eq.
共34兲 is the same and given by
C⌳ ⬇ 0.26,

共51兲

and thus there are no adjustable constants whatsoever in the
nonequilibrium closure. Note that this C⌳ value is in reasonable accord with those in Table I inferred from the ␣1 that
correspond to various prior closure approaches.
A. Nonequilibrium k-⑀ model

In the context of a k-⑀ model, the anisotropy aij from the
present nonequilibrium closure is given by

冉冊

k
S̃k S̃ij
,
aij = − 2C S̃ij = − 2C
⑀
⑀ S̃

共52兲

where S̃ ⬅ 共2S̃ijS̃ ji兲1/2. This is similar to Eq. 共12兲 from the
equilibrium Boussinesq hypothesis, but here S̄ij and S have
been replaced by the corresponding nonequilibrium effective
strain rates S̃ij and S̃. When coupled to the same k and ⑀
transport equations in Eqs. 共8兲 and 共9兲 as used for the SKE

and RKE models, the resulting system is a nonequilibrium
k-⑀ 共NKE兲 model.
Here, this model is applied to predict the turbulence response in the four nonequilibrium homogeneous turbulence
test cases. Thus Eqs. 共14兲 and 共15兲 with the standard model
constants in Eq. 共11兲 still determine the resulting k共t兲 and
⑀共t兲, but the anisotropy aij共t兲 in these equations is now obtained from the nonequilibrium relation in Eq. 共52兲 in place
of the equilibrium form in Eq. 共12兲. When implemented in
this manner, the resulting NKE model differs from the SKE
and RKE models in Sec. II solely due to this new nonequilibrium anisotropy relation for aij.
B. Impulsively sheared homogeneous turbulence

For the impulsively sheared homogeneous turbulence of
Bardina et al.,9 the only nonzero component of the imposed
mean strain rate is
S̄12共t兲 = S̄21共t兲 =

再

0

for t ⬍ 0

S/2 for t ⱖ 0.

冎

共53兲

The equilibrium closure in Eq. 共6兲 with T in Eq. 共7兲 gives
the corresponding anisotropy in the SKE model for t ⱖ 0 as
a12共t兲 = a21共t兲 = − C

Sk
.
⑀

共54兲

For the present nonequilibrium closure, the effective strain
rate S̃ij共t兲 from Eqs. 共41兲 and 共53兲 for t ⱖ 0 is
S̃12共t兲 = S̃21共t兲 = 共S/2兲关1 − e−t/⌳m兴,

共55兲

and the corresponding anisotropy from Eq. 共52兲 is then
a12共t兲 = a21共t兲 = − C

Sk
关1 − e−t/⌳m兴.
⑀

共56兲

For the particular case Sk0 / ⑀0 = 3.4, for which Bardina
et al.9 gave LES results, integration of Eqs. 共14兲 and 共15兲 for
k共t兲 and ⑀共t兲 from the SKE and NKE models gives the kinetic energy evolution shown in Fig. 4. The history effect in
the nonequilibrium closure and the consequent reduction in
Eq. 共56兲 of the anisotropy magnitude relative to that in Eq.
共54兲 from the equilibrium closure lower the initial kinetic
energy production from the NKE model relative to the corresponding production from the equilibrium closure in the
SKE model. This can be seen in Fig. 4 to give an initial
reduction in the kinetic energy k共t兲 from the nonequilibrium
closure, in good agreement with the LES results, while the
equilibrium closure shows a strictly monotonic increase in
k共t兲.
Due to the initially lower kinetic energy production, k共t兲
from the nonequilibrium closure in the NKE model is always
below that from the equilibrium closure in the SKE model.
For t Ⰷ ⌳m, the nonequilibrium correction to the anisotropy
in Eq. 共56兲 becomes negligible, and the kinetic energy production in the NKE model can be seen in Fig. 4 to become
similar to that from the equilibrium closure in the SKE
model. Thus the nonequilibrium effect that creates the initially lower kinetic energy production remains active only for
a time of O共⌳m兲 after the turbulence is subjected to the
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共59兲
and the nonequilibrium anisotropy from Eq. 共52兲 is then

k
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⑀
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FIG. 4. 共Color online兲 Turbulence kinetic energy k共t兲 / k0 in initially isotropic impulsively sheared homogeneous turbulence for the same conditions as
in Fig. 2, showing that the proposed nonequilibrium closure in the present
共NKE兲 model gives substantially better agreement with the initial nonequilibrium response seen in LES of Bardina et al. 共Ref. 9兲 than does classical
equilibrium closure in the SKE model.

change in shear. However, this temporary nonequilibrium effect produces a permanent lag in the turbulence response
relative to that from the equilibrium closure. This nonequilibrium lag will be seen in the remaining test cases to be
a key component of the turbulence response to changes in
the mean shear and cannot be accounted for by classical
Boussinesq equilibrium closures.
C. Periodically sheared homogeneous turbulence

Tests based on time-periodic shear applied to initially
isotropic homogeneous turbulence allow an examination of
the nonequilibrium frequency response of the flow. Yu and
Girimaji8 provided simulation results for applied mean strain
rates of the form
S̄12共t兲 = S̄21共t兲 =

再

for t ⬍ 0

0

共Smax/2兲sin共t兲 for t ⱖ 0,

冎

共57兲

where  is the shearing frequency and all other components
of the mean strain rate tensor are zero. The Boussinesq equilibrium hypothesis in Eq. 共6兲 with T in Eq. 共7兲 then gives the
corresponding anisotropy in the SKE model as
a12共t兲 = a21共t兲 = − C

Smaxk
sin共t兲.
⑀

共58兲

From Eqs. 共57兲 and 共58兲, the equilibrium closure thus produces anisotropy that remains in phase with the imposed
strain rate and an anisotropy response amplitude that has no
direct dependence on the straining frequency .
For the nonequilibrium closure, the effective strain rate
S̃ij共t兲 from Eq. 共41兲 for t ⱖ 0 is

共60兲

Thus in contrast to the equilibrium response in Eqs. 共57兲 and
共58兲, the response in Eqs. 共59兲 and 共60兲 from the nonequilibrium closure predicts that, as the relative straining frequency
increases, there will be a decrease in the anisotropy amplitude and an increase in the phase difference between the
imposed shear and the anisotropy. Additionally, the nonequilibrium closure also predicts a lag in the anisotropy response,
analogous to the lag seen in the impulsively sheared test
case, but predicts that in this case the lag depends on ⌳m.
This frequency-dependent lag as well as the frequencydependent phase shift and response amplitude are all missed
by classical Boussinesq-like equilibrium closures.
For Smaxk0 / ⑀0 = 3.3 and  / Smax = 0.5, 1.0, and 10, Yu and
Girimaji8 gave simulation results for the anisotropy response
a12共t兲 shown by the solid curves in Figs. 5共a兲–5共c兲. For the
same conditions, integration of Eqs. 共14兲 and 共15兲 for k共t兲
and ⑀共t兲 from the SKE and NKE models yields the corresponding anisotropy evolution also shown in Figs. 5共a兲–5共c兲.
Comparisons of these results with the simulations by Yu and
Girimaji8 show that the nonequilibrium closure in the NKE
model provides an anisotropy response that agrees far more
closely with the simulations than does the Boussinesq equilibrium closure in the SKE model. In particular, as the straining frequency 共 / Smax兲 increases, the direct decrease in anisotropy amplitude from the nonequilibrium closure as well
as the indirect effect from changes in k and ⑀ with straining
frequency are in overall good agreement with the simulation
results. By contrast, the equilibrium closure shows only a far
weaker indirect decrease in anisotropy amplitude via the
changes in k and ⑀ with straining frequency.
In such periodically sheared turbulence, the phase difference between the anisotropy a12共t兲 and the imposed shear
S̄12共t兲 is of additional interest since any phase lag between
the two corresponds to negative turbulence kinetic energy
production over part of each period. It is qualitatively apparent in Fig. 5 that the phase response from the nonequilibrium
closure is in good agreement with the simulation results,
while that from the Boussinesq equilibrium closure is in very
poor agreement, particularly at the higher straining frequencies in Figs. 5共b兲 and 5共c兲. For both the nonequilibrium closure and the simulations of Yu and Girimaji,8 the phase lag
between the imposed strain and the anisotropy response approaches a constant value once the initial transient has decayed after several straining cycles.
This asymptotic phase lag can be accurately measured at
any straining frequency by continuing the integration of Eqs.
共14兲 and 共15兲, with Eq. 共58兲 for the SKE model and with Eq.
共60兲 for the NKE model, to much longer times than those
shown in Figs. 5共a兲–5共c兲. The resulting phase lag  for the
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FIG. 5. 共Color online兲 Anisotropy a12共t兲 in periodically sheared turbulence
for relative shearing frequencies  / Smax = 共a兲 0.5, 共b兲 1.0, and 共c兲 10. For all
cases, the proposed nonequilibrium closure in the present 共NKE兲 model
gives dramatically improved agreement with corresponding DNS results of
Yu and Girimaji 共Ref. 8兲 than does classical equilibrium closure in the SKE
model.

equilibrium closure, the nonequilibrium closure, and the
simulations of Yu and Girimaji8 is shown in Fig. 6 over the
range of imposed straining frequencies 10−2 ⱕ  / Smax ⱕ 101.
For the equilibrium closure in Eqs. 共57兲 and 共58兲,
the phase difference from the SKE model is constant at
 /  = 1 for all frequencies, but this is in very poor agreement
with the simulation results in Fig. 6. The nonequilibrium
closure in the NKE model, however, shows excellent agreement with the DNS results at all straining frequencies. In the
low-frequency limit  / Smax → 0, the nonequilibrium closure
properly approaches the equilibrium limit in which the imposed straining and the anisotropy response are in phase, and
thus  /  → 1. In the high-frequency limit  / Smax ⱖ 1, the
nonequilibrium closure properly approaches the saturated
nonequilibrium limit, in which the phase difference becomes
constant at  /  = 1 / 2. Even more remarkable than the proper
approach to these limits is the agreement of the present nonequilibrium closure in the NKE model with the DNS results
of Yu and Girimaji8 for intermediate straining frequencies,
where the turbulence is neither in the fully equilibrium or
nonequilibrium limits. Only for  / Smax ⬇ 0.7, where the turbulence nears the saturated nonequilibrium limit, do the re-
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ω/Smax

1

10

FIG. 6. 共Color online兲 Observed phase difference between anisotropy a12共t兲
and imposed shear S̄12共t兲 in periodically sheared turbulence as in Fig. 5,
comparing results obtained from the proposed nonequilibrium closure in the
NKE model and classical equilibrium closure in the SKE model with the
corresponding DNS results from Yu and Girimaji 共Ref. 8兲. The proposed
nonequilibrium closure shows good agreement for all frequencies from equilibrium limit to saturated nonequilibrium limit.

sults from the physically based nonequilibrium closure developed herein depart slightly from the simulations.
In Sec. III D it was noted that numerical difficulties
could become significant when retaining higher-order terms
in the series expansions of the effective strain rate in Eqs.
共47兲 and 共50兲. It is thus of interest to assess how well the
lower-order terms can represent the full nonequilibrium effects. Accordingly, Fig. 6 shows the phase difference obtained when keeping only the lowest-order 共n = 1兲 term in Eq.
共47兲 or Eq. 共50兲. It is apparent in Fig. 6 that in both the
near-equilibrium and saturated nonequilibrium limits, the
n = 1 term suffices to produce the correct phase difference in
the resulting turbulence anisotropy. Only at intermediate frequencies does this leading-order term show significant departures from the full nonequilibrium response. This suggests
that even with the truncated 共n = 1兲 form of Eq. 共47兲 or Eq.
共50兲, for which numerical issues are not expected to be prohibitive, the present nonequilibrium closure gives significantly improved predictions of turbulence anisotropy over
the classical equilibrium closure.
D. Straining, relaxation, and destraining

An even more complex test of the nonequilibrium turbulence response to an imposed strain rate S̄ij共t兲 is provided by
recent experimental results of Chen et al.11 for the straining,
relaxation, and destraining of initially isotropic homogeneous turbulence. In their experiment, S̄22共t兲 = −S̄11共t兲 and all
other components of the imposed strain rate are zero. Their
measured values for the imposed normal strain rate S̄11共t兲 are
given by the symbols in Fig. 7. This straining history can be
analytically approximated by the piecewise linear form
shown in the same figure, which serves as the input for the
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FIG. 7. Imposed mean strain rate S̄11共t兲 in strained, relaxed, and destrained
turbulence experiment of Chen et al. 共Ref. 11兲, with piecewise linear approximation used to permit analytical evaluation of equivalent strain rate
S̃11共t兲 via Eq. 共41兲.

equilibrium and nonequilibrium closures to generate their respective turbulence anisotropy responses aij共t兲. The only
nonzero components are a11共t兲 and a22共t兲, and for the traditional Boussinesq equilibrium closure in the SKE model the
resulting anisotropy components are
k
a11共t兲 = − a22共t兲 = − 2C S̄11共t兲.
⑀

共61兲

For the proposed nonequilibrium closure in the NKE model,
the effective strain rate S̃11共t兲 is obtained via Eq. 共41兲 by
integrating the piecewise linear analytical form of S̄11共t兲 in
Fig. 7, and the resulting anisotropy components are then
k
a11共t兲 = − a22共t兲 = − 2C S̃11共t兲.
⑀

Destraining
Relax.

Chen et al. (2006)
Approximation
−10
0

0

共62兲

For both closures, the respective aij共t兲 allows the corresponding k共t兲 and ⑀共t兲 to be obtained by integrating Eqs. 共14兲 and
共15兲.
The results for a11共t兲 from the SKE and NKE models are
shown in Fig. 8, with the measured anisotropy values from
Chen et al.11 shown by the symbols for comparison. The
measured values were converted from the two-dimensional
anisotropy reported by Chen et al.11 to the usual threedimensional form via isotropy in the unstrained out-of-plane
component. The large strain rate values in this test case require the weak realizability constraint in Eq. 共13兲 to limit the
C value. Using the average strain rate magnitude in Fig. 7,
together with S = 2兩S11兩, gives C = 0.05. This value is used in
both the SKE and NKE models. It is apparent in Fig. 8,
however, that even with this realizability constraint the results from the classical Boussinesq equilibrium closure in the
SKE model compare very poorly with the measured values
from Chen et al.11 This is due to the fact that the equilibrium
closure in Eq. 共6兲 assumes the turbulence anisotropy to re-
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FIG. 8. 共Color online兲 Anisotropy a11共t兲 in strained, relaxed, and destrained
turbulence in Fig. 7, showing comparisons of measured values from Chen
et al. 共Ref. 11兲 with results from the proposed nonequilibrium closure in the
NKE model and from the classical equilibrium closure in the SKE model.

spond instantaneously to the imposed strain. Thus, for instance, the equilibrium closure predicts zero anisotropy during the relaxation phase.
By contrast, over the entire straining, relaxation, and destraining cycle in Fig. 8 the results from the present nonequilibrium closure in the NKE model can be seen to agree remarkably well with the measured anisotropy values from
Chen et al.11 In particular, the nonequilibrium closure correctly predicts a more gradual increase in anisotropy magnitude during the straining phase, as opposed to the rapid increase predicted by the standard equilibrium closure. The
nonequilibrium closure then predicts a slow decay of the
anisotropy magnitude during the relaxation phase and a
gradual increase to positive anisotropy during the destraining
phase. The time scales associated with these dynamics show
good agreement with the measurements, and the anisotropy
values from the NKE model are also in good agreement with
the measurements.
Consistent with the results from the impulsively sheared
and periodically sheared test cases, these results for straining,
relaxation, and destraining of turbulence indicate that the effective strain rate S̃ij共t兲 in Eq. 共41兲 and the associated nonequilibrium closure in Eq. 共43兲 capture much of the nonequilibrium dynamics of turbulent flows, and thereby allow most
of the advantages of a Reynolds stress transport model to be
obtained within the computationally simpler framework of a
direct model for the Reynolds stresses.
E. Shock-turbulence interaction

A final test case deals with homogeneous initially isotropic turbulence passing through a shock wave. This is a
highly nonequilibrium process that is known47 to be very
poorly predicted by equilibrium models. The interaction is
typically represented as steady and one dimensional, and following Sinha et al.47 the dissipation ⑀ is taken to have a
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4.0

negligible effect on the evolution of k and ⑀ across the shock.
The resulting k transport equation is therefore dominated by
kinetic energy production, and thus in a Lagrangian frame
becomes
dk
= − u⬘u⬘S̄11 .
dt

共63兲

The straining imposed as the turbulence passes through
the normal shock can be represented by a top-hat function in
terms of the pre- and postshock speeds ū1 and ū2 and the
shock width ⌬ as
S̄11 = lim

⌬→0

ū2 − ū1
,
⌬

⌬→0

冉

冊

ū2 − ū1
关1 − e−共t−t1兲/⌳m兴.
⌬

共65兲

With the general form of the anisotropy closure in Eq. 共43兲
for a compressible flow, given as
aij = − 2

冉

冊

1
T
S̃ij − S̃ll␦ij ,
3
k

共66兲

expansion of the exponential contribution to the effective
strain rate in Eq. 共65兲 in a Taylor series then allows Eq. 共63兲
to be written as

冉

冊

冉

2 ū2 − ū1
4 C ū2 − ū1
1 dk
=−
+
3
3 C⌳
k dt
⌬
⌬

冊

2

共t − t1兲,

共67兲

where 共t − t1兲 / ⌳m → 0 within the shock removes higher-order
terms in the Taylor expansion. Integrating with respect to t
and defining ⌬ ⬅ Us共t2 − t1兲, where Us ⬅ 21 共ū2 + ū1兲 is the characteristic speed through the shock, the turbulence kinetic energy amplification from Eq. 共67兲 is then

冋 冉

3.0

k2
k1
2.0

共64兲

where the straining begins at time t1 and ends at t2 → t1 as
⌬ → 0. For all other times S̄11 ⬅ 0. The effective strain rate
for t1 ⱕ t ⱕ t2 is thus obtained using Eq. 共41兲 as
S̃11共t兲 = lim

SKE
RKE
NKE
DNS

冊

冉

4 1 − ū1/ū2
8 C 1 − ū1/ū2
k2
= exp −
+
3 1 + ū1/ū2
3 C⌳ 1 + ū1/ū2
k1

冊册
2

.

共68兲

As shown in Fig. 9, results from the present nonequilibrium closure in Eq. 共68兲 show closer agreement with the
DNS data45,46 than do either the SKE or RKE model. In
particular, for small upstream Mach numbers Fig. 9 shows
that the nonequilibrium closure predicts significantly lower
kinetic energy amplification across the shock than the SKE
model. Moreover, Fig. 9 indicates that the nonequilibrium
closure in the NKE model better predicts the kinetic energy
amplification k2 / k1 across the shock at all Mach numbers
than does the equilibrium closure in either the SKE or RKE
model. For large values of the incoming Mach number M 1,
ad hoc treatments specific to this problem that provide further reductions in the kinetic energy amplification, as in Ref.
47, can be used to obtain even better agreement with the
DNS data.

1.0
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FIG. 9. 共Color online兲 Amplification of turbulence kinetic energy k across a
normal shock at various upstream Mach numbers M 1, comparing DNS results 共Refs. 45 and 46兲 with results from the proposed nonequilibrium closure in the NKE model and from the classical equilibrium closure in the
SKE 共Ref. 47兲 and RKE models.

V. COMPARISONS WITH PRIOR NONEQUILIBRIUM
MODELS

While the nonequilibrium effects in the anisotropy closure developed herein enter naturally through the effective
strain rate tensor S̃ij in Eq. 共43兲, there have been several prior
approaches that have sought to introduce nonequilibrium effects within the traditional Boussinesq equilibrium closure
via various modifications to the eddy viscosity T in Eq. 共6兲.
For example, Olsen et al.36,48 developed a relatively
straightforward nonequilibrium eddy viscosity model that
takes into account nonequilibrium effects by solving an additional transport equation for the eddy viscosity as

⑀
DT
= a0 共Te − T兲,
Dt
k

共69兲

where a0 ⬇ 3.9. The parameter Te is the equilibrium eddy
viscosity, given in Eq. 共7兲 in the context of a k-⑀ implementation, and the transport equation for T in Eq. 共69兲 is then
solved with the equations for k and ⑀ in Eqs. 共8兲 and 共9兲.
However, the Boussinesq equilibrium closure in Eq. 共6兲 is
still used to relate the Reynolds stresses to the eddy viscosity
T and the mean strain rate tensor S̄ij.
The model of Olsen et al.36,48 shows modest improvements over standard equilibrium models for a range of flow
problems. However, despite the inclusion of the additional
transport equation for T, owing to the equilibrium relation
between aij共t兲 and S̄ij共t兲 in Eq. 共6兲 the model cannot predict
the lag between the strain rate S̄ij共t兲 and the resulting anisotropy aij共t兲 in periodically sheared turbulence, as shown in
Fig. 10. It thus cannot produce the phase differences seen in
Figs. 5 and 6 or the lag seen in the experiments and in the
NKE model results in Fig. 8. While the additional eddy viscosity transport equation accounts for some nonequilibrium
effects, the continued reliance on the instantaneous mean
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FIG. 10. 共Color online兲 Comparison of anisotropy a12共t兲 in periodically
sheared turbulence at  / Smax = 0.5 from DNS of Yu and Girimaji 共Ref. 8兲
with corresponding results from the nonequilibrium model of Olsen et al.
共Refs. 36 and 48兲 and with results from the proposed nonequilibrium closure
in the present NKE model.

strain rate tensor in the equilibrium anisotropy closure inherently limits the model in accurately accounting for nonequilibrium effects.
In a somewhat similar approach, Yoshizawa25 and
Yoshizawa and Nisizima34 proposed a lagged eddy viscosity
having the basic form

T = Te − C

k DTe
,
⑀ Dt

共70兲

where Te is the equilibrium eddy viscosity in Eq. 共7兲. More
recently Yoshizawa et al.35 developed a modified version of
the same basic model, in which Eq. 共70兲 is replaced by

T =

冦

Te
Te

冋
冋

冉 冊册
冉 冊册

1 D k2
⌳ + CA
k Dt ⑀
1 CA 1 D k2
−
⌳ ⌳2 k Dt ⑀

−1

DTe
for
⬎0
Dt
DTe
⬍ 0,
for
Dt

冧

共71兲

where ⌳ is a dimensionless parameter that depends on Sk / ⑀
and Wk / ⑀, with W ⬅ 共2W̄ijW̄ij兲1/2. However, this approach
still uses the equilibrium closure in Eq. 共6兲 to relate the anisotropy aij共t兲 to the mean strain rate tensor S̄ij共t兲. Thus, although this nonequilibrium eddy viscosity model was seen,
for example, to improve agreement with DNS results in homogeneous sheared turbulence,34,35 the phase properties in
the resulting anisotropy evolution for periodically sheared
turbulence are not substantially different from those in Fig.
10 using the model of Olsen et al.36,48
Recently Revell et al.49 proposed a novel nonequilibrium
k-⑀-Cas eddy viscosity model in which an additional
parameter,
Cas = −

aijS̄ij
,
S

共72兲

is used to account for alignment between the Reynolds stress
and mean strain rate tensors. In this case, the turbulence kinetic energy production is written as P = CaskS, and an additional transport equation is solved to determine Cas. This
additional equation can be incorporated into standard approaches such as the SKE model, in which case the eddy
viscosity becomes

册

Ck Cas
,
,
⑀ S

共73兲

and the usual transport equations in Eqs. 共8兲 and 共9兲 are
solved for k and ⑀. However, as with the model of Olsen
et al.36,48 and that of Yoshizawa et al.,35 the k-⑀-Cas model
fundamentally still employs the Boussinesq equilibrium closure between the anisotropy aij共t兲 and the mean strain S̄ij共t兲.
Thus, while the k-⑀-Cas model shows some improvement
over the SKE model in predicting the evolution of periodically strained homogeneous turbulence,49 it still predicts zero
anisotropy for zero applied strain, resulting in poor agreement with the DNS data in Fig. 5 and the experimental measurements in Fig. 8 when the applied strain is zero.
All of the prior nonequilibrium models noted above
modify the eddy viscosity T to account for nonequilibrium
effects but still use the equilibrium closure in Eq. 共6兲 to relate
the anisotropy aij to the mean strain rate S̄ij. While such T
modifications allow some nonequilibrium effects to be addressed, it is clear that a general nonequilibrium Reynolds
stress closure cannot represent the anisotropy aij as being
directly proportional to S̄ij as in Eq. 共6兲 and must take into
account the straining history of the turbulence via some
method such as the effective strain rate S̃ij in the present
nonequilibrium closure.
VI. RELATION TO NONLINEAR ANISOTROPY
MODELS

In order to retain some dependence on the straining history, several prior anisotropy models25,26,28,50 have included
various time derivatives of S̄ij in nonlinear expansions of the
anisotropy to obtain the most general closure possible. However, in contrast to the present nonequilibrium closure, which
is given in expanded time-local form using Eqs. 共43兲 and
共47兲 as
aij = − 2

T
T DS̄ij
+ ¯,
S̄ij + 2 ⌳m
Dt
k
k

共74兲

the focus of most prior nonlinear models has not been explicitly on nonequilibrium effects due to Lagrangian variations in the mean strain rate, often to the detriment of the
model accuracy in nonequilibrium flows.
For instance, using the most general nonlinear constitutive equation for the Reynolds stress tensor, Speziale26 devised a nonlinear k-⑀ anisotropy closure of the form

冉 冊冉

k
k
aij = − 2C S̄ij − 4CDC2
⑀
⑀
− 4CEC2

冉 冊冉
k
⑀

2

2

S̄ilS̄lj −

冊

␦ij
3

S̄nlS̄nl

D̊S̄ij ␦ij D̊S̄ll
−
,
Dt
3 Dt

冊

共75兲

where D̊ / Dt denotes the Oldroyd derivative defined in Eq.
共49兲 and CD = CE ⬇ 1.68. The analogous memory time scale
in the Speziale26 model is ⌳m = 2CEC共k / ⑀兲, which comparing with Eq. 共34兲 shows that C⌳ = 2CEC. Typically, C is
given a value between 0.08 and 0.09, and for this range the
Speziale26 model gives a memory time scale coefficient C⌳
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FIG. 11. 共Color online兲 Comparison of anisotropy a12共t兲 in periodically
sheared turbulence at  / Smax = 0.5 from DNS of Yu and Girimaji 共Ref. 8兲
with the corresponding results from Speziale 共Ref. 26兲 and Taulbee 共Ref. 28兲
and the with results from the proposed nonequilibrium closure in the present
NKE model.

between 0.27 and 0.30, which is in good agreement with the
value C⌳ ⬇ 0.26 determined from the wide range of test
problems in Sec. IV.
However, in deriving the empirical constants CE and CD,
Speziale26 relied on fully developed turbulent channel flow
data, for which the material derivative DS̄ij / Dt is zero. This
has significant consequences for application of the Speziale26
model to nonequilibrium flows since the sign accompanying
the D̊S̄ij / Dt term in Eq. 共75兲 is opposite that accompanying
the DS̄ij / Dt term in Eq. 共74兲. The discrepancy arises because
the Oldroyd derivative was introduced in the Speziale26
model in an ad hoc manner to obtain the most general nonlinear expansion for the Reynolds stress anisotropy, with the
coefficient CE determined from channel flow data where
DS̄ij / Dt = 0. The time derivative of the mean strain rate in
Eq. 共74兲, on the other hand, is derived from an expansion of
the effective strain rate in Eq. 共41兲, which is itself directly
linked to the physics underlying the evolution of the anisotropy, as embodied in Eq. 共33兲.
The effects of the differing signs become especially apparent in periodically sheared turbulence. Using the
Speziale26 model as in Eq. 共75兲, Fig. 11 shows that the phase
of the resulting anisotropy is significantly different than in
the DNS data and from the NKE model. A similar Reynolds
stress model by Huang and Ma50 also includes a negatively
signed Oldroyd derivative term, as in Eq. 共75兲, and is therefore expected to be comparably limited in simulating the
anisotropy dynamics in periodically sheared turbulence.
It should be noted that as an intermediate step in the
derivation of a nonlinear Reynolds stress model, Taulbee28
derived an expression for the anisotropy of the form

冉冊

k
k
aij = − 2C S̄ij − 4␣2
⑀
⑀
− 4␣3

冉 冊冉
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+ 4C⬘

k
⑀

2

k
⑀

2

2

共S̄ilW̄lj − W̄ilS̄lj兲

1
S̄ilS̄lj − S̄nlS̄nl␦ij
3

DS̄ij
+ ¯,
Dt

冊
共76兲

where the only relevant constant for this discussion is
C⬘ = 21 共0.35兲C, where C ⬇ 0.09 and we have taken

P / ⑀ ⬇ 1.9. While the final nonlinear Reynolds stress model
devised by Taulbee28 cannot capture certain nonequilibrium
effects due to its dependence on the local and instantaneous
values of S̄ij and W̄ij, it can be seen that the sign accompanying the DS̄ij / Dt term in the intermediate result in Eq. 共76兲
is positive, in agreement with the present model in Eq. 共74兲.
When applied to periodically sheared turbulence the closure
in Eq. 共76兲 gives the anisotropy evolution shown in Fig. 11,
which is clearly in better agreement with the DNS and NKE
model results than is the Speziale26 model due to the correctly predicted sign accompanying the DS̄ij / Dt term in
Eq. 共76兲.
Thus, in the form in Eq. 共74兲 for the present nonequilibrium closure the time derivative of the strain rate results
directly from the physics underlying nonequilibrium turbulence anisotropy, resulting in a model that reveals the correct
dependence of the anisotropy on time variations in the mean
strain rate tensor. Moreover, the coefficient C⌳ associated
with this term in Eq. 共74兲 has been determined from a wide
range of nonequilibrium flows in Sec. IV, resulting in increased accuracy over prior models that introduce nonequilibrium effects in an ad hoc manner.
VII. CONCLUSIONS

We have developed a new anisotropy closure that includes the principal nonequilibrium dynamics of aij but that
can be readily implemented within existing computational
frameworks based on the classical Boussinesq equilibrium
closure in Eq. 共6兲. This has been done by formulating a replacement for the local instantaneous mean strain rate tensor
S̄ij that appears in the equilibrium closure with a nonequilibrium effective strain rate tensor S̃ij that depends on the strain
rate history experienced by material elements in the flow.
Considering the relation between the Reynolds stresses and
the vorticity suggests a linearized analysis of the nonequilibrium vorticity alignment dynamics in the frame of a translating and rotating material element subjected to time-varying
imposed strain rate Sij共t兲. A formal analysis from the transport equation for aij gives the anisotropy as a convolution
integral over the strain history to which individual material
elements have been subjected. In contrast to previous nonequilibrium approaches that have sought to include nonequilibrium effects via direct modifications to the eddy viscosity,
here the nonequilibrium effects enter through the resulting
history-dependent effective strain rate tensor. The convolution integral for this effective strain rate tensor can be
equivalently expressed in a purely time-local form that allows increasingly higher-order nonequilibrium effects to be
included by retaining increasingly higher-order terms in the
resulting series. The final result for the turbulence anisotropy
is in the form of a linear closure relation analogous to Eq.
共6兲, but with the ensemble-averaged effective strain rate tensor S̃ij appearing in place of the mean strain rate S̄ij.
When this nonequilibrium closure in Eq. 共43兲 with Eq.
共41兲 or Eq. 共47兲 or with Eq. 共50兲 was implemented in a NKE
model and applied to a range of substantially different test
cases, the results showed dramatic improvements over the
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classical equilibrium closure in Eq. 共6兲 in the SKE and
closely related RKE models. The present nonequilibrium closure also showed substantial improvements over previous direct approaches for including nonequilibrium effects in Reynolds stress closures. In all these tests the same prefactor
C⌳ = 0.26 was used for the memory time scale in Eq. 共34兲,
with the consequence that there were no adjustable constants
in this nonequilibrium closure. Moreover, this C⌳ value is in
reasonable accord with values in Table I inferred from various prior closure approaches. The test cases in Sec. IV
showed that, for periodically sheared turbulence in Fig. 5,
the present nonequilibrium closure for aij共t兲 in terms of the
effective strain rate S̃ij共t兲 correctly predicts the reduction in
anisotropy magnitude and increase in phase lag with increasing straining frequency seen in the DNS results of Yu and
Girimaji.8 As seen in Fig. 6, the phase difference between the
strain rate S̄ij共t兲 and the resulting anisotropy aij共t兲 is correctly
produced over all straining frequencies from the equilibrium
limit to the saturated nonequilibrium limit. Additionally, as
seen in Fig. 8, the nonequilibrium closure produces much
more accurate time lags and anisotropy magnitudes than the
Boussinesq equilibrium closure in the straining, relaxation,
and destraining experiment of Chen et al.11 over the entire
cycle.
All of these tests were based on homogeneous flows,
which allow the turbulence anisotropy to be calculated by
numerical integration of ordinary differential equations,
without the need for a full computational framework for the
mean-flow equations that can often confuse numerical issues
with the underlying performance of the turbulence closure. It
should be noted, however, that the lack of spatial gradients in
such homogeneous flows does not address the effects of
some of the terms that were neglected in the quasilinearization in Eqs. 共33兲 and 共48兲 of the Reynolds stress transport
equation to provide the effective strain rate tensor in Eqs.
共41兲 and 共47兲 or Eq. 共50兲. It is possible that these terms may
contribute significantly to the nonequilibrium effects in some
types of flows, where the associated contributions from the
remaining production, pressure-strain, and diffusion terms
may be important. This issue, however, will require the
present closure in Eq. 共43兲 with Eq. 共41兲 or Eq. 共47兲 or with
Eq. 共50兲 to be incorporated within a full computational
framework for solving the mean-flow equations in Eqs.
共1兲–共5兲.
Note that the increasingly higher-order material derivatives in the time-local expansion of the effective strain rate
tensor in Eqs. 共47兲 and 共50兲 could potentially affect the numerical stability and convergence properties of a full computational framework for solving the RANS equations with this
new nonequilibrium Reynolds stress closure. However as
shown in Fig. 6, keeping only the lowest-order 共n = 1兲 term,
for which numerical issues are not expected to be prohibitive, suffices to produce the correct phase lag in the turbulence anisotropy in both the near-equilibrium and saturated
nonequilibrium limits of periodically sheared homogeneous
turbulence. At all shearing frequencies, the truncated 共n = 1兲
form gives significantly improved predictions of the anisotropy phase lag over the classical equilibrium closure. Inclu-

sion of higher-order terms will further improve the accuracy
at intermediate frequencies but could potentially come at the
expense of numerical stability. An assessment of the stability
and convergence properties of this new nonequilibrium closure must, however, await its implementation in a full computational framework for complex inhomogeneous flows.
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